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Ooe of the most strikiog effects of the publication of Ein- 
stein’s papers on generalized relativity and of the discussacHis 
which arose in connection with the subsequent astionoinical 
observations was to make students of pbydcs renew thdr study 
of mathematics. At first they attempted to learn simply the 
tedmique^ but soon tii^re was a demand to understand more; 
red mathematicd insight was sou^t. Unfortunatdy there 
were no books availaWe, not even papers. 

Dr. Mumaghan’s little book is a most successful attempt to 
supply what is a definite zi^ed. Every physicist can read it with 
profit. He will leam the meaning of a vector for the first time. 
He will leam methods which are available for every field of 
mathematical physics. He will see which of the processes used 
by Einstein and others are strictly mathematical and which are 
physical. Every chapter is illuminating, and the treatment of 
the subject is that of a student of mathematics and is not de- 
veloped ad hoc. The extension of surface and line integrals is 
most interesting for physicists and the discussion of the space 
relations in a four-dimensional geometry is one most needed. 
This is specially true concerning the case of point-s^Tnmetry 
which forms the basis of Einstein's formulae for gravitation as 
applied to the solar system. 

I feel personally that I owe to this book a great debt. I have 
read it with care and shall read it again. It has given me a 
definiteness of understanding which I never had before, and a 
vision of a field of knowledge which before was remote. 

Joseph S. Ames. 

JoHxs Hopkins Universitt, 

June 1, 1921. 
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PREFACE. 


Tliis z&onograph Is ihe outcome a short couise of lectures 
delivered, durmg the sumxner of 1920, to oiembersc^ the graduate 
department of mathematics of The Johns Hopkins University. 
Co33siderations of space have made it somewhat coiMlensed in 
form, but it is hoped that the mode of presentation is sufficiently 
iK)vel to avoid some of the difficulties of the subject. It is our 
opinion that it is to the physicist, rather than to the mathe- 
matician, that we must look for the conquest (rf the secrets of 
nature and so it is to the physicist that this little book is 
addressed. The progress in both subjects during the last half 
century has been so remarkable that we cannot hope for investi- 
gators like Kelvin and Helmholtz who are equally masters of 
either. But this makes it, all the more, the pleasure and duty 
of the mathematician to adapt his powerful methods to the 
needs of the physicist and especially to explain these methods 
in a manner intelligible to any one well grounded in Algebra 
and Calculus. 

The rapid increase in the number of text books in mathematics 
has created a problem of selection. We have tried to confine 
our references to a few good treatises which should be accessible 
to every student of mathematics. 

Ch. V should be omitted on a first reading. In fact it is 
quite independent of the rest of the book and will be of interest 
mainly to students of Hydrodynamics and Theoretical Elec- 
tricity. There are several paragraphs in Ch. IV which may be 
passed over by those interested mainly in the application of the 
theory to the problems of relativity. For these we may be 
permitted to suggest, before taking up the subject matter of 
Chap. VII, a reference to an essay ‘‘The Quest of the Absolute’’ 
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'MA qpptMMd in the StasaiSc Aioerican Monthly, March 
(Un), aad WM nipdaated in the book “Relativity and Gravita- 
MiaBB Ic Ca (19121). It may be useful to add the well- 
Ibmwi advioe of ihe Firraefa idiyskist, Arago — “When in 

.mmm t> J w 

nNKl 

Thi maamer^ of the book was sent to the ininter in June, 
llily aad its dahy in {mhfiea&n has been due to difficulties in 
thaprialiagbaidDeBa. In the meaatbx^ several important papm 
bnifaig on the Hheocy Bdi^vity have appeared; it will be 
anSebBt to refer the reader to some «gmficant notes by PainlevI 
hi the Coa^ftee Bendas of thib year (1922). We are under a 
debt of gratitude to I>r. J. S. Ames for valtiable advice and en- 
fiveehig i at aest. And, in conclusion, we must tbanV the officials 
of Ihe Jdtos Hopldns Press for their painstaking care in tliia 
rather difficult piece of printing. 

Jam, 1922 . 

* Edited J. M akolm ]^rd. 


F. D. M. 



VECTOR ANALYSIS AND THE THEORY OP 
RELATIVITY 


INTRODUCTION 

Vedx^r Analysis owes its or^in to the Gennan matbematiciaiis 
Mdbius* and Grassmannf and their coQtemporary Sir WQiiam 
Hamilton.^ Sbce its introduction it has had a rather cbedbered 
career and it is only within ccmparativdy recent times that it 
has become an integral part of any course in Hieoretical Physics, 
It is well known that the subject was regarded with disfavor 
by many able physicists, among whom Sir William Thomson, 
afterwards Lord Kelvin, was probably the most prominent. 
The reason for this is, in our opinion, not hard to seek. Grass- 
mann, who undoubtedly had a much clearer conception of the 
generality and power of his methods than most of his followers, 
expounded the subject in a very abstract manner in order not 
to lose this generality. Naturally enough his writings attracted 
little attention and when, some forty years later, Heaviside§ and 
others were earnestly trying to popularize the method they 
swung to the other extreme and, in attempting to give an 
intuitive definition of what a vector is, failed to convey a clear 
and comprehensive idea. Roughly speaking their definition was 

* MdbixiSy A. F., Der barycentrische Calcvl (1827). Werke, Bd. 1, Leipzig 
(1885). 

t Graasmann^ H., Ausdehnungslehre (1844). Werke, Bd. 1, Leipzig (1894). 
Grassmann was particularly interested in the operations he could perform 
upon his vectors ” and not in the transformations of the components of 
these which occur when a change of “ basis or coordinate system is made. 
In this respect the point of view of his work will be found very different from 
that adopted here. 

t Hamilton^ W., Elements of Quaternions. Dublin Univ. Press (1899). 

§ Heaviside^ 0., Electromagnetic Theory^ Vol. 1, Ch. 3. London (1893). 
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Hal tMiQV b s qoudby ia addition to the quality 

if Iwvfam wm w it i w b t that ol dizecticHou” The fault with 
#il MUHbB of eocoae, ti»t it &ib to esq^iun just what is 
mwit liieetioGu” That thb idea requires ex- 

llOHliM b when we realise that the simple operation cd 
asbllbf a hedf around a definite fine through a definite ai^le — 
§ p^»i , ** has direetbn ” in the same sense that an 
MigriMr wdeeity has— b not a wector whilst an az^ular velocity 
b, TlMa ewfless tzotjMe arises whi«i vectors are intro- 
dhaid bi a w^eiwr «»«a™g it dhScolt to see their “ direction ” 
and wtaa todby some d the better textrbooks on the subject 
^paak d * aisahelb TOdJors” such as gradient, curl, etc., as 
9 iJkqr are in any my difarent £r(nn other vectors. In 1901 
Biadi and LeviC!mta* pdb^bhed an account of their investiga- 
thios of ** Tks Ab$oluis Difereniial Calctdua ” — a kind of dif- 
ferentiation <rf vedOTS. This paper was written in a very con- 
deooed form and did not at once attract the notice of students 
of Tlieorctical Physics. It was only in 1916 when Einsteinf 
oaDed attention to the usefulness of the results in that paper 
that it received adequate recognition. However it seems to be 
the cwnmon opinion that the methods there dealt with (and 
often referred to as the “ mathematics of relativity '0 are 
extreowly diflScult, It is the purpose of this account to lessen 
this difficulty by treating several points in a more elementary 
and natural manner. For example, in an interesting introduc- 
tion to their paper, Ricci and Levi-Civita point out, as an instance 
of the power of their methods, that they can obtain easily, 
by means of their absolute differentiation, the transformation 
of Laplace’s diflferential operator Aj — which in Cartesian co- 
mdinates takes the form 




dx^ dy^ Bt? 


• Asca, G.y and lAxi^vnia, T. Mithodea de Calctil diffh'eniiel absolu, 
MeOl Annalen, Bd. 54, p. 125 aOOl). 

t SinaUtn, A., Die Qrundlage der oUgeTneinen Relaiimtdtstheorie, Annalen 
d«r Phyadc, Bd. 49, p. 159 (1916), 
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--into my curviliaeair ecK^di&ates lAmtsoemr. Hiis tzmoa- 
foarmation was first obtained and, while eipcesshig 

admiratioii for the ingenuity of his method, th^ jnstiy remark 
that it is not perfectly satisfaetosy for the reason that it brings 
in ideas — those of the Caktiius VariatkHis — foreign to the 
nature of the prohiexn. Now by a metbod due to Beltramit it 
happens that this very tran^ommtion can be obtained by 
Vector Analysis without sjoy knoiriedge ci absolute differentia- 
rion; the apparently fortuitous and ha{^y disappearance bom 
the final result oi the troubkson^ three index symbols of that 
part of tl^ subject is thus explsioed, ln‘ addition we hope to 
make it dear that the methods of the Mathematics oi Rela- 
tivity are applicabk to, and necessary for, Theoreticai Physics 
in general and will abide even if the Theory of Relativity has to 
take its place with the rejected phy^cal theories of the past. 

* Jacdbif C. G., Werke, BcL 2, p. 191. Berlin (1882). 

t BeUramif Ricercbe di analisi appiicata alia geometria. Giomale di mate- 
matiche (1864), p. 365. 



CHAPTER I 


1, Xf«gr oi imws the important r61e played 

% md, rdmm intc^i^ in that subject. For 

Ae -f mhr mags^tude work m the line integral of the 
i l l ^f this will suggest a simple mode of 

ffTiy^lt « Aft hm&mt, we sh^ wish to apply our 

lipill In pmk to grsidtatiional i^>aGes it is desirable at the 
to itoto as deadly as possible what we mean by the various 
kmmm^pkifoL 

ffpm/ this tezm is m^mt a continuous* arrangement or 
iai of potob; a point being merdy a group of n ordered real 
msdbera in otir af^plications n is either 2, Z, or 4 and the 
spooe Is said to be of oz^, two, three, or four dimensions respec- 
sdered group of numbers we denote by 
^ call the coordinates of the point they define. 

ii«vthing need be said for the present as to what the coordinates 
actually signify. A space defined in this way is a very abstract 
mathematical idea and to distinguish it from a more concrete 
idea of space in which, in addition to the above, we have a funda- 
mental concept called lengthy we may, where necessary, call the 
latter a metrical space and the former a non-metrical space. 
We use the symbol Sn to indicate our space, metrical or not, 
of n dimensions. 

Spreads in S« 

It is possible to choose from the points of Sn an arrangement 
or set of points such that any one point is determined by the 
value of a single variable.- Thus if, instead of being perfectly 
independent, the n coordinates •••, are all functions 

•Continuity is asBumed as an aid to mathematical treatment. In certain 
modem theories preference is given to a discontinuous or discrete set of points. 
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ol a n»gle mdbpeadent -raziaUe, or parameter, «i 

jjW sa (# = 1, 2, • • •, n) 

the point x a to trace a curve or spread ol one dimenaicBi 
aa varies oontinaously frcmi the value «ii* to Use points 

corresponding to the values ui = %* and Hi = are called 

the end points of the curve and If ihe^ coincide, Le., if all oor- 
lespondh^; coordinates are equal the curve is said to be doted. 

A qaead of two dimenacns in is smflarly defined by 

®<*> = Hi) {r = 1, - • a) 

where »i and tit are independent parameters. Here we have 
two degrees of freedmn because we can vary tl» point x by 
varying either «i or u*. It is necessary, however, that the func- 
tions x‘(ui, Ut) should be distinct functions of the parameters 
ui, Vt‘, the criterion for this bang that not aU the Jacobian 
determinants 

dx^”^ 

x^‘^) _ dui dtit /«i = 1, • • •, nN 

d(ui, tCi) ~~ dx^*^ dx^*^ \#i = 1, • • •, »/ 

dui dut 

should vanish identically. If this were to happen, we would not 
have two degrees of freedom but only one and the points would 
lie on a curve and not on a proper spread of two dimensions. 

Similarly by a spread of p dimensions in S* ■ • • (p < n) we 
mean the locus of points x with p degrees of freedom ; 


2.(«) = X^*^(Ui, U2, • • Up) 

1, • 

• n) 

where not all the Jacobian determinants 




Sl = 1, - 
«2 = 1, • 

n 

• -r n 

a (Ml, U}, •••, Up) 

~ 1' ' 

. n 
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fMUt i&miAe$Sy. His we by V, (the ccHnesponding 

ftmti tMB be&« mntif) and we diall suppose all our V, 
li fee ^gnaoilt b? tils we mean that aQ the partial deriva- 


tfwt 


dam 


(s = 1, • • 
\m= 1, ■ ■,p) 


His restaetioB is not really necessary but is 
■ill te awoiil aocesaoEy difficulties. 


Jmmeauh otxb a spbead 07 one dimension Vi* 

CmwAiee an ordered set » arlntrary continuous functions 
Jn-.X. of the coordinates • • •, ar^*^ (For brevity sake 
VI All hoeafter use the [dirase “ fimctions of position. ”) 
Hb maaedeal value assigned to the label r in the symbol Xr 
teDs viacii ime (d the components Xi, • • •, Xn, which are ordered 
or anmi;^^ in this sequence, we are discussing. Now for any 
curve Vi given by 

iW = a:(*)(zii) (s= 1, •••,») 

n the differentials 

= ^<^“1 (a = 1, • • •, n) 


and then form the sum Zida:® + Xisdx®^ • • • + Xndx^”^ w'hich 
is, by definidon, identically the same as 



dui 


If in each of the functions Xt of position we replace the co- 
ordinates by their values on the curve Vi 


r(«) s M 


X^*\Ui) 




= 1, n) 


2 becomes a function of Ui, F{ui) let us say, and we may 


• Reference should be made to the classical paper by H. PoinoaH, '' Sur 
les rdaidus des int^grales doubles/* Acta Math. (9), p. 321 (1887). 
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erahiaie the definite integral Hiib is ealled 

izit^ralolthe<ndeied8etof mlimctsoiisitf positi^ 
oirer the eorve. If^ mw, ne change the paraiiiistier Hi to » 
other parazzKter 9i by means ot the equation «i a ai(ai) 
points on the conre are gi'ven by ^ ® 

(t sr; n) and it is conoesvable that the Taliie of the intq 

might dq>end not only on the curve but on the parameter 
in specifying the curve. However thb is not the ease since 


and 


£ 0) 





-r 


'Ll. 


daf>] 

dill 

dtii J 

dki 


dui 

' 5 ui j 


d^i 


This independence, on the part of the integral, of the accidental 
parameter used in describing the curve allows us to speak of the 
integral as ccttached to the curve and the symbol 
is used since it contains no reference to the parameter u. 

In what follows we shall adopt the convention that w^hen a 
literal label occurs twice in a term^summation with respect to 
that label over the values 1, • • •, ti is implied. Thus our line 
integral may be conveniently written 




Such a label has been called by Eddington a dummy label (or 
symbol) of summation. We prefer to adopt the term “ umbral ” 
used by Sylvester in a similar connection; the word signifying 
that the symbol has merely a shadow-like significance disappear- 
ing, as it does, 'when the implied summation is performed. 




2. Integral h oveh a spread W of tw’o dimensions 

Consider a set of ordered functions of position (to indicate 
w^hich wx use two labels Su $2) 

« j j a. 


{suS2 == 1, •••, n) 
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Up mnnkM valnes to *i and st tell wUch one of the 

Hi al # fhfimtM M i ifiBh to dbeo^. It is convenient to think 
il A» taeiiQW m maE^Bed in a sqnate or chedcerboard ” 
H g$m wad w odbams; then *i may indicate the row and 
H #• n- Ks is specified by means of two parameters 
% Wk ^ eqaatanis (ui, as). Substitute these 

WPWhImm lar the oecadmates in the functions and con- 
Mw Aw diftaito dodbfe isl^ral 

f( ^(feiidn* (si and «s umbral labels) 
\ dmt dux / 


HBtaidsde^artlw vahiwof «!, whidi spedfy the points of Fs. 
Ms lulspMl wfil depend for its value not only on the spread Fs 
Iwt ew the panunetefs «i, tii ised to specify it unless the set 
is t^tmOing, i^, — X^,,, which implies the 

Mmtind vMiishinv the n functions Xi, i; • • • X„, » and the 
in pairs of the remaining n? — n so that 
- i)/2 distinct functions in the set. Grouping 
. — ruuctions of each pair we have 




d{ui, Ui) 


duidui 


(tfl < Si) 


where now the mnbral symbols do not take independently all 
values from 1 to n but only those for which the numerical value 
of Si is less than that of jj. If a change of parameters is made by 
means of the equations 

«1 = Ui{Vi, Vi) 

Ui = tti(Vi, Vi) 


where ui and Ut are distinct functions of vi and sa the coordinates 
are given by equations 

!<•) = Ui) s Ui) (s= 1, n) 


and the value of 7i when the ci, are used as parameters is 







dv\dv^ 


{si < S2) 
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whidii, by the rule for miiit^p^sHbg Jacobius, 

and tbis by the formula for the dhaoge of Variables in a doable 
int^Tal 


Startiiig, then, with an ahernaiing set of hinctioDS of poettkm 
we can form an int^ral, (over any Vt), wiiidi depends in no 
way on the parameters chosen to specify it. To avoid all refer- 
ence to the accidental jMuameters we write Jj in the abbreviated 
form y'jX.i. (#i < st). We adopt this in pref- 
erence to the customary notation ($i < st) 

since no produd of differentials, such as will occur later when 
we use quadratic differential forms, is implied. 

In an exactly similar way an integral Ip over a spread Vp of 
p dimensions (p ^ n) is defined.* By an alternating set of 
functions of position we mean that a single inter- 

change of two of the labels merely changes the sign of the func- 
tion. If, then, two of these labels are the same the function 
must be identically zero. Then 


Ip 




^ dui 


— I dui-dut • • • dup 
dup j 


is a definite multiple integral of order p extended over the values 
of uu • • *, Up which specify the points of Tp. We write 




a(wi, •• •, 2/p) 


dui- • -dup 


(^1 ^ <^2 * * *^p) 


where, in the summation with respect to the umbral s}’mbols, 
^1, ^2, * • *, ^p, ^1 < ^2 < • • • < Sp. To emphasize the fact that 

• Wlien p = n it is customary to use the phrase region of Sn m preference 
to spread of n dimensions in 5*. 



1§ mmm mMxm and eelativity 

If 4wff WA Aipeai ia way on the parameters %, •••,«, 
il«Hil«ivsiileQ 

If » (»i < • • • < «p) 

jMapfa; a - 4 = X, = y, == z, = i 

Xi = Z, Z» = y, etc. 

I,ii» /a<l#+ + 2* + rio 

l» • *) + ■1^*. ®) + Ziid(®, y) + Xi4.d(.x, t) 

+ Xud(y, t) + Xnd^z, t) 

J^ae jrXm^Xt f» *) + Xwdix, y,i) + Xiudix, z, i) 

+ Xiud(y, z, t) 

' iMmjrXi.xt.4dix,y,z,{i 

Bbn ia Ji we may write Xudiz, x) instead of Xi. td(x, z) since 

Xa= — Zu and d(z, a) = — d(x, z) 

riample of It we may take the case of a moving 
y Euclidean space of three dimensions, the curve 
to change in a continuous manner as it moves. 
..ere X, y, z may be rectangular Cartesian coordinates and t 
may denote the Newtonian time. mi is any parameter w’hich 
serves to locate the points of the curve at any definite time 
I =* i* and «t may well be taken = t. Then the equations of 
our Vt are 

x = x{ui,t)-, y=y{uut); z = z(ui,t); t^ut 

and the parameter curves Ut = constant are the various positions 
of the moving curve, whilst the curves Wi = constant are the 
paths of definite points on the initial position of the moving curve. 
Denote dxidi by x and we have 




o(mi, t) dui 


duidt 
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(It m&y not be siq^arfluouB to pdbt oat that it is eaaeotial to tbe 
opponent that Ui aad tit should be miependeni variables. Htns 
in the pce^nt example «i could not stand for the are distance 
from an end point the nmving curve if the cum dtforwu at it 
mmt although it could oonvemently stand for the imtial arc 
<hstance.) Our Jj may here be vnitten 

y* I (Xu + Xjt&-Xn£>^+ (Xu +Xui- Xni) ^ 

+ {Xu +Xxtx - XuSi) ^ I daidi 

showing it in the form of a time int^;ral of a certain line integral 
taken over the moving curve. Before proceeding to define the 
idea of vector quantities it is necessary to make one remark of a 
physical nature. We have written expressions of the type 

(s an umbra! symbol) 

and regarded the separate terms of these expressions • • • , 

etc,, as mere numbers. To actually perform the indicated sum- 
mations it is necessary, when we apply our methods to physics, 
that the separate terms in a summation should be of the same 
kind, i.e., Aave the same dimensions. Thus if the coordinates 
2^(1) . . . are all of the same kind the coefficients 



occurring in the various integrals must all have the same di- 
mensions. 

3. Transformation of Coordinates 

It has already been seen that if the various line integrals 
under discussion are to have values independent of the choice of 
parameters (wi, • • Up) care must be taken that the n^ functions 
of position which form the coefficients of the Ip should 



It 
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esooiw see wbst lumpens to these coefSdents 
vIm m for sooae reason, the coordinates 

MmI i6i|(pedfy tike points the F)h 'Eheformalseoftransforma- 
tfiMi am hsr » eqnathnis 

g<>> =g a:<»)(ya), . . y<»)) (j =r 1, . . .^ 


As ^ bang supposed distinct so that the Jacobian 

IIm iMMfcsssiKiioo 

a(yO>, ....yO)) 

itm Mt vmidi kkatkdly. These equations may be regarded 
|| two w$fs. First the may each denote the same idea as 
fteesnMqpcffidiag and then we have a correspondence set up 
hsiweeD a pdnt y and some, in general different, point x. 
Seeoiufiy the symbds y^*^ may have a meaning quite distinct 
from the ^unbols x^’^ and then we have a correspondence 
between (me set <rf coordinates y^*^ of a point and another set 
mxdinates of the same point. It is the second way of 
„_jang at the matter that interests us and we speak then of a 
tzansfcnnation of coordinates, (Prom the first point of view we 
would have a poivi correspondence.) Since the functions are 
distinct we can, in general, solve the equations* and obtain 


y(*) = y(*)(j:0>, • • a:(»>) (s = 1, . . 


As an example take n = 3 and let a:«>, x®, x»’ be rectangular 
Cartesian coordinates and (y0>, y(», y»)) space polar coordinates 
in <M^nary Euclidean space of three dimensions. 


sin cos 

y(X) = Vx<«2 + + 

sin y^^^ sin 



\ 3 :( 3 ) 

S (J0S y^^^ 





• Cf. Gmtrtal-Hedrick, Mathematical Analj'sis, Vol. 1 Ch 2 
B. B.f Advanced Calculus. * * 


or WilsoUf 
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la easier to have a vaiform trassfamatioD of ooordioalea— 40 
that to a ^ven set of numbm y®, y*® thoe may ootre^Kmd 
but one set a^*^, 3^ and eonversdiy — it is frequently neoes- 

sary to restrict the range of values of erne or the other set. HiesiB 
the example chosen -we puty®^ >0;0^y®^a-;0^ y*®<2r. 
If now in 

h s (* an umfaral symbol) 

we substitute 

s a:<*)(y<»)^ - . y&*)) (* == ») 

— 

Xm becomes X,(y^, • • •, y*) say, and <!»<•> = — — beomnes 

OUi 


^u~ } ^ umlnal symbeJ) 

and so h becomes 

unihral symbds) 




where Y is defined by the equation 


Yr^X. 


5a.<*) 


(r = 1, • • -, n; s umbra!) 


We shall from this on drop the bar notation above the X, which 
indicates that the substitution • • •, has been 

carried out. It will always be clear when this is supposed done. 
For an h we have 






X 


X 


d{z 


I 

1- *^2) I 


d{ii 

‘dui dui! 


{si < Sj) («i. 52 umbral) 

duidui (si < S 2 ) by definition 

duidu2 


since the functions form an alternating set. 



TBOTOB itNALYSlS AND RELATIVITY 



li 

ISm 

Xwfr 


dx^*’^ dy^ 

dvt dui 


(f 1 umbral) 


9tii 

IBrnmUmdeSm 
It tiles tbe form 
New 


daf*^ dx^*^ dy^'^ dyfrj) 

dut dy^’^ 3y(’’»> dui dus 

(fi and Ti both umbral symbols) 

= («i and S2 umbral) 


5a^**^ dx^‘^ 

» dx^*^ dx^‘^ 

** dy^'’^ dy^'^ 


(by definition) 


(by a mere interchange of the letters 
standing for the umbral symbols 
Si and 52 ) 



— _ Y dx^*^ (since X ^, ,, is alternating by defi- 

nition) 

= — 7ri, ^ (by definition) 

Accordingly the set of functions 7ri, n of position, defined as 
above, is also alternating and we may write 

^2 = yW) (n < r,) 

Generalizing we may write 7 p in the form 

•••, 

(ri, • • •, fp umbral) and n < n < • • • < Vp 

where the coefficients 7,, ,, form an alternating sCt of 

functions of position defined by the equations 

Y = V dx^‘>^ 

*' ayM ■ ■ ■ d^) •••» umbral symbols) 
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Aceordingiy , if aa om E ciinre, or 

a spi^ead of dimeasioiis is to have a value mAspeaadesjA dt the 
coofdmates the coefficisats ajre oa&pleteiy detensmied m tmr$ 
9^dem cf ooordimdeB o^ee they are known in any partkiilar 
system of coordinates. The coefficients in a fine integral form 
as we shall see later a set functbns which have directam 
in Heaviside’s sense and so might be caBed a vector. As, how* 
ever, the term vectcn: is derived from a geometrical interpretatioii 
of the idea whidi loses to a great extent its significance when we 
apply our ideas to spaces of arbitrary menieal character the 
name has been changed and the coefficients oi a line mt^;ral are 
said to form, taken as a group, a Tensor oi the iBrst rank of whidi 
the coefficients are the wdered eomponerUs.* To distinguish 
between this definition and another of similar character this 
Tensor is said to be covariani. More generally coefficients 
of an Ip, in number, are said to form a covariant tensor of 
rank p of which the separate coefficients ^ are the ordered 

components. Ejiowing the values of the components t, 

of a covariant tensor in any suitable system of coordinates 
the components in any other set are furnished by the equa- 
tions 

r,-X,. mbnJ labels) 

Although not of such physical importance it is convenient to 
extend the idea of Tensor to an arbitrary set of functions of 
position which follow the same law of correspondence, 

when a transformation of coordinates is made, as the alternating 
set above. If we do this it is merely the alternating covariant 
Tensors which arise as coefficients in integrals over geometric 
figures. The reason for the correspondence between the com- 

* The term Tensor was used by Gibbs in another sense in his lectures (see 
his Vector Analysis, Chap. V, edited by Wilson, E. B.) and aJso with the same 
meaning as that given here by Voigt, W., “ Die fundamentalen Eigen- 
schaften der ICiy^stalle,” Leipzig (1898). Cf. Ch. IV, § 4, infra. 
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fmwgt p hi, dBSeresat ^sterns of s Tensor in the general non* 
altl>WiiiiB|g case wtnild remain to be exjdained. 

4. lB*BOa>TICrHON OV CONTEA.VABIANT TENSOBS 


h — J' (a umbral) 


^ qmntit i e s by winA tl» components X, of the covariant 
toamr cf pmk one are muhiidied have a law of correspondence 
4wftwi » l hy tbe eqpatkms 


Sfailag iy in the mtegral 

%: Ik) ^ Sir) 


the faehMTS X”, F” which multiply the components X„, F,, 
respectively of the alternating covariant tensor of rank two 
have a law of correspondence given by the equations 


y*... ^ 

dui dill 


duidui 


(by definition) 


"" dui ' -duiduz (ri, umbral symbols) 

” * dx^ (by definition) 


and so m general for an integral over a spread of p dimensions 
(P ^ n). These factors, regarded as a whole, are said to form 
a coTdramr^rd Terror of the first, second, • • pth rank as the 
case • The sets introduced in this way are not, as in the 
case of the covariant tensors, alternating. Even though the 
correspondence between the two sets of functions of position 



IHE TINBOE OONGEFT 


17 


j'*!*! ••• *r and y*» ■" •» may not oriw in the above tn*niw tfae 
set is said to fcnm a oontnvariant tesosor of tank p if tiw cone-, 
spondenoe between the ordered c(»nponeBts is d«»fin<^d by the 
equations 


y«i, •••, 9p 


~ ••• 




(ru • • •> 


The labels which serve to the ecmpoiie]}t8 are written 
ab<me in the case oi contravariant and Mm in the ease d co- 
variant Tensors. The fdjowing remaA may be useful in aiding 
the beginn^ to remember easily the important equations defining 
the correspondence. The umbral symbols are always attadied 

to the a: coordinates on tite right. When the labds 

on the left the y coordinates are on the right. 

Thus 


nr, - 


(siy ri umbral) 


whilst 


yrir, = X*‘** 




(si, Si umbral) 


By an obvious and useful extension we can now introduce mixed 
Tensors partly covariant and partly contravariant in nature. 
Thus the set of functions of position form a mixed 
tensor of rank three, covariant of rank two and contravariant of 
rank one, if the correspondence between the two sets of ordered 
components is defined by the equations 

Y:ir, = (5i, 53 umbral symbols) 

Now w’hen we recall that the x coordinates are perfectly 
arbitrary as also are the y's it becomes apparent that it must be 
possible to interchange the x and y coordinates in the equations 
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A" 


'if 







IS 


He oocreqKXDdeBee. T^iq, to give a concrete example, 
HaoHdle posefl^ to derive £rom the eqxutions 


r, 


»i. ft 


iHidk serve to <Mne a covariant tensor of rank 2, the equations 


Sth0t 


QyM ^wC*2) 


3y<*>>3y(*»)_ 9a:^‘i) 3y^»i) 


= X, 


(ffi, * 2 , <i> h all umbra!) 


composite differentiation and this, on account of the mutual 
indtependence of the x coordinates, is = 0 unless ti — ri in which 

case it = 1 j • 

To conclude these definitions it will be suflScient to state that 
a single function of position may be regarded as a tensor of rank 
zero if its value (not its formal expression) is the same in all sets 
of coordinates. No labels are here required to order the com- 
ponents and the equation defining the correspondence is simply 

y = x 


Such a function of position is also called an invariant or absolute 
(or in the text-books on vector analysis a scalar) quantity. The 
reason for regarding this as a tensor (of either kind) of rank zero 
V ill become apparent from a study of the rules of operation with 
tensors. 

Example, Consider the formulae of transformation from rec- 
tangular Cartesian to space pK)lar coordinates (§ 3) . 
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Here 

ayw 


sin cos 

d*o> 


ax« 


a»<« 

etc., and we obt^ 


0jf^ 

= — y0> sin an y*®, 


= + cosy* ooey*®; 


Xi 


aa:<» 


Xt 


da^ 


Xt 


daff* 


' “*ayO> ‘ 

= (Xi siny®cosy® + Zisiny^sby® + X»coe y®) 


y.^Xi 


axO> 


X, 


aar® 


X, 


a*® 


siny«*>-X,sby®l 


ay® ay<« ' *ay® 
s y<*’[Xi cos y® cos y^*^ + X* cos 3 

V = r _L r _L r 

■^* “ ^^ay® ^*ay<*> ^*ay«> 

= y(i)[_ sin y® sin y® + Xj sin y® cos y®] 

the A"s on the right hand side being supposed expressed in terms 
of the y’s. If then we denote by R, 6 , # the resolved parts of 
the vector A'l, A'j, A'a (the theory of the resolution of tensors 
will be dealt with later but we may anticipate here) along the 
three polar coordinate directions at any point 

}'i = R-, Fj = y^‘*0 = rO; F 3 = y^*’ sin y<->4> = r sin 0 # 

For a contravariant tensor of rank one we have 

= (A'**’ sin y® cos 4- A'® sin y'-* sin y'®^ 4* A’^’* cos y‘-*) 

y(2) = Y'd) _i_ Y’® 4- Y^” 

aa:®^ ax®^ ax® 

s -L (Y»> cosy® cosy® 4- A'® cosy<=' siny«) - X® sin y®) 

}’(3) = Y® ^ 4- X® 4- Y® 

ax®^ ax®^ ax® 



m 
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(— sin + Z® COS y®^) 


-ivliet« lie Xs 4® tte right are supposed expressed in terms of the 
f*8, CaB the resolved parts of (X^\ Z'®\ Z®^) along the pdw 
eeeelbate directimis li, 9, $ as before and we have 

F® s jB; y® s § ; yCS) = - ^ * 

r r sin $ 

*A9gBeEBi leaait of wiadi tills is a !q>ecial case is given in Chapter IV. 
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THE ALGEBRA OF TENSQBS 

1, ElSIC^KTABT BtTLSS FOB BOEBmNO AlUB OmtAIXHO WITH 

TKB80BS 

(a) The Rule of Idnear Combinaium 
If is a tensOT of rank and 

is another tensor of the same kind then the set of 
functions of position found by adding comj>oi^nts of like 
order (that is with all corresponding labels, both upper and 
lower, having the same numerical vdues each to each) forms a 
tensor of_Ae same kind as X and X which is called the sum of 
X and X. By the p^ase of the same kind we imply 
not only that X and X must have the same rank both as to 
covariant and contravariant character, but that corresponding 
components have the same dimensions. The proof of the state- 
ment is immediate for from the equations 

VM-P, = Y'i-r, dy^d^ 

(2*‘w; all umbral) 


and a similar one obtained by writing a bar over Y and X w’e 
obtain by addition 


( ypi - j_ ypi pa == 4- X"^ *“ '’0 




which is the mathematical formulation of the statement that 
Z + A” is a tensor of the same kind as both A" and A". 

If w^e multiply the equations written above, w^hich express the 
tensor character of A^J 5 by an invariant function of position 

21 
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{pos^ilbtjr a aoiistaxit) m we Imve that mX is a tensor of the san» 
as X. Combining this with the previous definitbi 
of a r^peatedfy ^plied if necessary, we have what is knowi 
as a cominnation of l^nsors 

liX + hX^ 

irfbie the ib 4, • • • ^ eilher mere numbers or scalar (invariant 
laaetbos. fis sepataie mernbers of this linear corribination mm 
iee§ik$mme hmd. If, as a special case, ^ is a negative numbe 
4 ~ i 4 = + 1 then X + (— X^) is written Z — Z 

ani la thk way subtraction is defined. A tensor all of whos< 
oei9f<ments are zero is said to be the zero tensor. (It is im 
portent to notice that the property of having all the component 
zero is an absdute one; i.e., it is independent of the particula 
dioice of coordinate in terms of which the components an 
expressed. This follows at once from the equations definini 
the anrespondence between the ordered components in differen 
systems of coordinates. The General Principle of Relativity 
merdy says that all physical laws may be expressed each by th 
vanishing of a certain tensor. This satisfies the necessary de 
mand that the content of a physical law must be independent o 
the coordinates used to express it mathematically. The fixing 
of the number of dimensions n as 4 rather than 3 and the inter 
pretation of the physical significance of the coordinates are th< 
diflBcuIt parts of the theory of relativity; the demand that al 
physical laws express the equality of tensors has nothing to d( 
with these and must be granted by everyone. Here we regarc 
an invariant as a tensor of zero rank.) Since the idea of a linea 
combination of tensors is reducible to a linear combination o 
the corresponding components it follows that the order of th( 
separate members in a linear combination is unimportant. 

2 . ( 6 ) The Rule of Interchange of Order of Components, 

A specific example will show most briefly and clearly what ii 
meant by this rule. Consider the covariant tensor Xr,r, of th< 
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second nknk. 71^ compoomta have a definite order whidi loaF 
he eonvenieiitly specified by a sqtiare arrangement. 


m 

Xm ••• 

Eai 

Xn 


1 





If BOW we rearrazige the rf fimctioBs amcmgst the n* small squares 
in such a way that the rows and columns are intendiangedy 
then this same interchange <£ rows and columns will take place 
in the square for any other co<»dinate system y. We denote 
the new ordered set by a bar thus — 

a = r (t**#— 1,2, •••, 7l) 


Prom Zr. < we obtain by means the equations of corre- 
spondence and we wish to show that Yra = Yar where the Yra are 
obtained from the Xra by the same equations of correspondence. 

All we have done is to rearrange the order of summation on 
the right hand side of the equations of correspondence and the 
formal proof is very easy. 


y = y 

rrs- 


by definition (p and a umbral) 
from definition of A" 


= Ytr (from equations of correspondence). 


Combining this rule with rule (a) we derive some important 
results. Thus starting with X whose components are A%, we 
derive A" w^hose components are A^, = X^t and then the differ- 
ence A" — X w’hose components are Zr« — Xn = Xrt — Xtr- 
This new tensor is alternating and an important example of this 
type will be given to exemplify the next rule. 
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9. Hb ike Siv^ Prodvet. J 

Oeoayer aojr two tensco^ not necessarily of the same Tnm^ ^ 
cndt IM 03 form the product of each component of the first I 
eteii oon^nent the second and arrange the products in a 
ddUte ord^. Ihe set of products will form a tensor whose 
zax^ is the sum of the ranks of the original tensors. Agnii^ it i 
wilSB&e to show how the pwoof runs in a special e-rnnip]^ 
l<et fibe two tensors be J„ and Z” and denote by the symbol i 
Z55 ^ jpiodact Z, 4 ^-Z*i*». (Here n, r 2 , Si, have definite ’ 
imMK^al values so that Z^^ defined in this way, is a single 
out of a group of «* obtained by giving n, r 2 , «i, «2 
aH values fr<Hn 1 to n in turn.) We have to show that the 
fffnap of a* functions really form, as the notation implies, 
a tesosiw oi rank four covariant of rank two and contravariant 
of rank two. To do this we have 


— Fnr« • F*‘** by definition of F;}?; 

= (x 

(pi, P2, ffi, 02 umbral) 


<’*« '' dyfrl) 5y(rj) 


d 

“ dyW dyfra) dx^''^ dx^ 


by definition of Z"^* 

which proves the statement. 

It is quite apparent that Z^^is not the same as so that 
^e order of the factors in this kind of a product is important. 
MuUtplication of tensore is not in general commutative. This 
remains true even when both the factors are of the same kind and 
rank. Consider the simplest case where we have two tensors 
A and Z bothj»variant of rank one. Then the product Z-Z 
IS a tensor Xr. = Zr-Z. covariant of rank two whilst the product 

Z-Z 13 a tensor Zr. = Zr-Z,. 
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The difference — Xn is agi^ a ccrtramnl tensor cf mak 
mo whidi is altemati]^ since Xm ^ Xar* Shioe atesniati^ 
e0sc»^ have a imiaediate {Physical sigpificanoe than ncm- 
Jtematizig tensers it is natural to esqpect that this <£ffereiice 
hould more important than either of the direct prodnets 
Till or Xr»* It is what Grassmann caSed the otitsr produd of 
he two tez2s<^ X in eontiast to another kind <ff product idi^ 
« calls inner ” and which we now proceed to discuss. 


u (d) Tke Rtde cf Composiiim or Inner MtMplieai^ 

Let us first consid^ a sim{^ mixed teiK9or of rank two X,^^ 
or whkh the equations ci ccarespondence are 

^ uml^ral symlx^) 


f now we make = ri = r (say) and use r as an umbra! symbd 
re get 


Y/ 






*1 


{si umbra!) 


?he remarkable simplification on the right hand side is due to 
he results from composite differentiation 


= 0 if ^2 + and = 1 if ^2 = 


n this way we can form from a given tensor a tensor of lower 
ank (in this case an invariant). 

The proof in the general case is of the same character. 

Consider the mixed tensor which is, as the 

ibels indicate, covariant of rank p + I and contravariant of 
ank p + 9 so that the equations of correspondence are 


Vpi — Pp <ri 

n“*Tp Ml 


= A'n:;: 


'here 




stands for 




5r("> 

a j'"' ' dy*-^’ 

d 11^ ^ 

■ • • zT-r-x and so for the others. 



m 


vmcnm analxbis and belahvity 


tj,/)* = tj ••• = Tpandiisen 

III wdtow ^y^lKjfe smMM 
•Ut &M(MGM8 


6a5<*) dy<r) 

(n ••• T, umbra 


aadMBeiB^ i^^^Beatkaos (tf the results 


BS tliat 




= 0 unless <1 = ri 
= 1 if ti = ri 


aa(0 as^') 

= ® v:D^ti = n; t 2 = ri >■■ tp = rp 

= 1 if ti = ri, • • •, tj, = Tp 

so tint 


’^•"’>"*1 *’*"»*-' ^2;C*) 




5^(m) 


(r, m, a all umbra 


giving the result that (Xrl :::;:? 5. is a tensor, covariant 
rank I and contravariant of rank q. If j = 0, Z = 0 we have t] 
result that 


z;i::: rl is an invariant (ri • • • tp umbra 

explaining why we regard an invariant as a tensor of zero ran 
If now we have two tensors not both entirely covariant 
contravariant and take their simple product we have a miv. 
tensor to which we may apply the method here described ai 
obtain a tensor of lower rank. This is called composiiion 
inner midtiplication of the twojensors. Thus starting wi 
.^r and X‘ we obtain X,’’ = Xt‘X* and then making r = a {i. 
picking the n diagonal elements or components of the tensor J 
of rank two^and summing with respect to a we derive an i 
variant X,-X‘ which is the invariant inner product of the ti 
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tensor. (To obtain an inner product tbe tensors must be 
of d^er^ni dbaracter — oi^ covariant, tbe other oontra'VBriaiit.) 
Similarly from the two tensmrs of rank two and we 
first obtain the mixed tensor of rank 4 

Z3? - 

szkI firom this the scalar or invariant function of positioii 

XJJS = X^-Xr^f^ (ru umlnal symbob) 

Notice that in these cases the order of the factors is not hn- 
portant — ^the same invariant results if we dhange the oaxbr. 


5. (e) Converse of Rvle of Composition. 

Again, for the sake of simplicity, let ns explain this for a 
spedal case. We consider a set of n functions of position Xr 
which has such a law of correspondence between components 
in different coordmate systems that for any contra variant tensor 
of rank one whatsoever the summation XrX^ is invariant 
(r umbral). Then we shall prove that the set Xr actually form, 
as the notation implies, a covariant tensor of rank one. 

We have 


Yr^Y^^XrX^^^ 

= X -T* — 


(by hj^thesis) 
(since X^ is contravariant of rank one) 


We now take as a special illustration of the tensor A"*” that one, 
w^hich, in the y system of coordiimtes, has all its components = 0 
save one which is = 1, e.g., F* = 0 if 5 + r whilst = 1. 
This_choice of X is permissible since we make the hypothesis 
that X is any tensor we wish to choose. And we have 


Yr 


r 


{t umbral) 


proving on assigning, in turn, to the label r the numerical values 
1, •••,«, the statement made. (It is apparent that instead of 
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M palBQti^«dbtoai 7 H is tbs same tiling to say that 
ffc** Im any «ias of tbe » teosois ^Hbkh in some particular 
n i l | i» ii ri i 4 of liaiw eaidi all but one of thmr coordinates 

nmainiag one bong ^ !■} As another example of 
lyg t mmo H m M, let os siq^wse that the n* functiom Zr* have sudi 
a fanr of trassfornaition that the stmumtion Zr* ■ Z« is a covariant 
fifttf c of lank tiro {* nmbral) idiere Z.* is an arbitrary covariant 
tfimmim ' of nak two; we have to prove that the functions of 
pwiAw Z/ actually form, as the notation impli^, a mixed tensor 
o a al i mwM ti a at of rank 1 and covariant of rank 1. 

We have 

7 ,'R, - (X/Z,) by bypothesia 

' 

(since X is covariant of rank 2) 
Now as our arbitrary tensor X let us choose that one for which 


we obtain 



unless both Z = ^ and m= t 

, . 3a:W 

.ndusmg^.^=l 


(t umbra!) 


y«= 


(cr, p umbral) 


{Hoving the statement. The essence of the proof is that the 
multiplying tensor must be an arbitrary one. In concluding 
these remarks on the elementary rules of tensor algebra it may 
not be superfluous to remark that although, for example, the 
product Xr$= Xr^'Xtt is a definite tensor we do not introduce 
the idea of quotient Xrt -=- Xr^. The reason for this is, of course, 
that there is no unique quotient; there are many tensors z., 
which when multiplied by a given tensor Xr^ in this way will 
yield a given tensor Xr*. In the algebra of tensors it is possible 
to have a product (inner) of two non-zero tensors equal to zero. 
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6. Applications cf the Four Rules cf Tensor Algehm. 

Tbe mo6t useful applicatioss of tliese rules wiO be fooBd by 
r^tursiBg to a consideration oi the int^rals wbidi serrol to 
introduce us to the tensor idea. It will be xemembered tlmi & 
curve Vi is either open and has two end points as boundary or 
else Is dosed and has no boundaries; a spread ¥% of two dimen- 
^Bs is either open and bounded by one mcHe closed curves oe 
dosed and without boundaries. Xn general a spread dl 
p + 1 dimensions (p ^ — 1) is either open and bounded by 

one or more dosed spreads Vp of p dimensions or dbe dosed and 
without boundaries. When the spread Vp+i is open there is an 
important theorem giving the value of an arbitrary int^ral I, 
extended over the closed boundaries Vp in terms of a certain 
connected integral extended over the open Vp+i bounded by Vp. 
The simplest case is when p = 1 in which case an integral over 
a closed curve is shown to be equivalent to a certain integral 
extended over any surface or spread of two dimensions ¥% 
bounded by the curve Vi. This case was discussed by Stokes 
for ordinary space of 3 dimensions and the general theorem is 
known as Stokes’ generalized Lemma.”* It will be noticed 
that the theorem is a non-metrical one as we have not yet had 
occasion to say an^^thing about the metrical character of the 
space Sn containing the spreads Vp, We shall prove the theorem 
when p = 2 as this will suffice to show the details in the general 
case. 

Here the equations of the open Vs are 

(uu tiz) (e = 1, • • •, n) 

and the boundaries will be specified by one or more relations on 
the parameters ?/i, U2y Us. If there are several distinct boundaries 
V2 we may connect them by auxiliary surfaces V2 so as to form 
one complete boundary. The parts of the I2 over this complete 
boundary coming from the auxiliary surfaces will cancel (each 

* H. Poincarif loc. cit. 
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IQ 

MDUny oemwctii^t sot&oe a»y *» nfJaeed by two, infinites 
ImQjr doM^ tnPB&ees ««1 it k the integrals over these pairs o 
f ff i Mii M iltKt eadi other in the limit as the surfaces ar 
MdkhaaiPiiraadbeadt other iadefi^ The relation betweei 

the ptnMikeni on the boundary may be 

•n ■“ ^(»j, «*,«*) = 0 

Md m infiodaee two other ftmctiom ei and vt oi «i, « 2 , « 
imIi IhaA ai, eib aa are distinct Sanctions, and change over ti 
aib % aa » panHawtera. We shall suppose the parameters sud 
tihat the eqoatioQS giving the cocadinates x are uniform boti 
Wigra. Net eoly does an assigned set of parameters give i 
aodiiaa point « bat to a point x there corresponds but one set o 
pwnuaeteta a. 

Aooordingiy ti^ surfaces Si = const, cannot intersect each othe 
and they form a set of doted level surface filling up the initia 
op«a Ft- On each of these dosed level surfaces we shall havi 
the level curves «i = const., Vt = const., and we suppose thi 
functions bi, at of «i, «*, u* so chosen that these level curve: 
are doted. 

Now consider the integral 

(si, St umbral and Si < si 

extended over the boundary a* = 0. If, instead of integratinj 
over St = 0, we take it over any of the level surfaces vs = constan 
it will take on different values depending on this constant anc 
to indicate this we write 
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SI 


(It is only necessary to differentiate the integrand anoe the 
limits ci the intend are independent ol at). Now ff ^ is any 
{uQCtion of position (not merely the paiametecs}* on a cioeed 

dF 

cnrre with parameter t the int^ral S tafcm round the 

uv 

dosed curve is necessarily zero. For it is the difference dt the 
values of F at the coinddent end points dt the curve. If, in 
particular, we take as F the function 




dvt dst 


{si, St amfaial) 


and integrate round the dosed curve «, = constant we get 






dv2 dvz dvidf^i) 


] 

dvi dvz dvi j 


dvi = 0 


and integrating this with respect to Vi over the surface = con- 
stant we have 






Similarly on taking 




«!«*■ 


dvi dvz dvt 

dvz dvi 


dvidvt = 0 


dF 

and integrating F ~ dvidv2 over the closed surface vz = const. 
dV2 

* The distinction implied here should be clearly grasped. If the equations 
of the curve are 

xi = a cos V 
Xj = a sin v 

F must be periodic in v with period 2 t. 
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dXt.^dx^*^ dae^*'^ ] 


dvidvt s 0 


‘ dp* d»s d«i J 
Now add tl«n two e(]ittl2om togetlier tmd Bote tbat 

w / 9 s^*^ (\ / V i\ 

-5— s-AT+^Srar 1= 0 (»i, «4 umbra!) 

\ oWi oVfcnfi osj ociosj/ 

htewn tib tenais in tbe sammstkm cancel out in pairs owing to 
<la aitataaiing dMaacter of factor multiplying 

im tie awiBBiatkm beiug obviously unaltered by an interchange 
df tie gymbob «i and ai. We find that 


/ X 


so that 

t-A 


/ dxf‘^ , Sh:^ \ 

3 iJ| 3 t?j 3 i ?8 dtJi / 
dvi dvz dvi dv 2 dvz dx\ 


dvidv 2 = 0 


aX^^ dx<*^ aX^^ aa:<*‘> ax^^^ 


dvi dvi avt 


dvi 


dvs dv 2 

— I 

dv 2 dvz 


, dvidvz 

dvi ] 

Now the are functions of position, i.e., of the coordinates x 
so that 


dvz dvz 


{sz umbral) 


The second term in dlzjdvz w^e shall slightly modify by a change 
in the umbral symbols. Thus 

s dx^*i> dx^* 2 ^ 

dvi dvz dPt dx^**^ dPi 


dvz "d^ umbral) 


dx^*J^dx^®2) 
dti dP2 dP3 
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80 that we can write 



III 

s 


dX^ 

dZ^ 1 da^*^ da^*^ da^^ 

[d®<*^ 

d®^*^ 

d®<^ J dvi d*t d«t 

On writing 


d®<**’ 

dXtfn dX^ 

d®t*>J d®<*^ 




and int^rating the ezjnression for dltldti 'with re^>ect to at 
■we find 




ds^*^ 




dti dvf, dvz 
= x^*^, ®(*^) 


doidotdft 


{su *t, »t nmbral) 

««) 


since the set of functions defined as above is obviously 
alternating (on account of the fact that Xn is an alternating set). 
The limits for *» are cs = 0 and e* = some constant for which 
It = 0 — since the corresponding Fj is either a point or a spread 
traced twice on opposite sides. Let the integration be such 
that Bj = 0 is the wpfer limit and we have 

h = J'X,^t,d(x^‘’^x^*^) («!<#*) over boundary 

= J’X,^^,,d{x^*’^x^‘^x^‘*^) (si <8t< St) overtheFj.* 
In general from 

Ip = (si < a, • • • < ap) 

over a closed boundary we derive as equivalent to Ip an 


Ip^i = fX,, ... (si < • • • < 

where 


Xti ... 




dx, 


••• «p 


dX, 


»iVi«» ••• «p 




dz'*»> 


d.Y 


*1 *** 


* It will be observed that placing the + sign before It on the left makes 

Ui = 0 the upper bound of the integral y' ^ doi. Thus is increa s i n g away 

from the open spread Vs. 



M TBCZOK ANJIifBffi AMD BElA'iiVXTy 

II ii Mail to pi ' w e rve * cycik amageiaeiit of suffix^ for the 
JTs aad m •oeonot of the aftenutting character of the X’s, 

mhtm 

^»rw) * *" da:<*>> = ••• 

Al apper alpa fcelBg osed viaeQ p is eveo and the lower when p 
ii tM. Sbux Iji is hf hypothesis invariant so is because 
IpH "" aBd aooordm^ the eoefficients ... ^ form an 
*lfapri~frc oovariant tensor rank p 4* 1 [seen either (hrectly 
m viMsn tensors were inizodaoed or as a case of the converse of 

isle (d)« the set of fanetiwB^^ • • ■ — dsi • • • dvp+i fonn- 

Oii 

iag SB azhttraiy enxtravariant tensor of rank p + !]• In this 
way we earn derive hmn any alternating co\’ariant tensor, by a 
species of differentiation, a oovariant tensor of higher rank. 

Examples. 

p “ 1. Prom any covariant tensor Xr of rank one we derive 
an alternating covariant tensor of rank two 

jr _ dXr dX, 

It is the negative of this tensor that is called the curl of the 
vector A in the earlier vector analysis. It is rather important 
to norice that this, and the other tensors of this paragraph, have 
no reference to the metrical character of the fundamental space 
Sn. The derivation of them by the methods of the Absolute 
Differential Calculus introduces, therefore, extraneous and un- 
necessary ideas. 

p = 2. From an alternating covariant tensor of rank two 
Jr, we derive the alternating co variant tensor of rank three 

X S I I 5A ir 

dx^’’^ dx^'^ 
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K » == 3 there is only one such function and in tiv 
it is called the divergence of X,*- We shall hav 
slightly for the general tensor analysis. It is 
notice that if we take as Xra the tensor of the j 

Y dX* 


we find Xnt — 0- It is easily seen that this hsappes^ in generaL 
If we derive Xj^ ... ,, from X^ ... in this way then the 
X^ ... derived from X^ ... is s 0. When the Xa^ ... ^ 
derived from Xai ... .^ is = 0 we have that Ip^i s 0 and so I, 
(extended, of course, over any closed spread of p dimensbns) 
is s 0. In this case Ip is said to be the integral cf an exact 
differential. It can then be proved that the value <rf Ip over 
any open Vp is equal to the value of a certain integral Ip^i over 
the closed boundary of this Vp,* 


*1£ 

Ip = ... (^i ■< • • • < Sp) 

is the integral of an exact differential we have ^ ^ y + 1 ! 

partial differential equations 

The theorem stated is that these are the necessary and sufficient conditions 
that there exist ^ fimctions of position ... satisfying the 
partial differential equations 

... , j — v-i — 'p-i — *p^a^p — Y 

' ... S ... . 


dx<V 


dx^1> 






That the conditions are necessary is an immediate result of a direct substitution 
of the left hand side of the equation just written for ... in the equation 
of definition 

X s ^-^*1 — •p _ •p _ . , , _ 8X<^^ ... 

*1 — *p+i ax(*p+i> ax^n) * * * ax^V 


To prove the sufficiency an appeal is made to the principle of mathematical 
induction. Let us, for definiteness, take p = 2. Then we shall prove the 
statement that if the theorem is true for a particular value of n it is true 
for the next greater integer value n -f 1. Granting this, for the moment, we 



tBOfOR MUMm ANB BELATIVITY 


1, Hfe is tlie Bert «ad last case if « = 4. For 
W ay fiifaMy 'raiae of » it is seoood in imix^tanoe only to the 
tmtmmp ■■ 1. la order to »7<wi havingto write out separately 

ilMit Itil ibi Ib trad learn *■ 2. (In tbk case there are no m- 

ligniMlllir memmf; on anoonat of the alternating character of 

te Itoidr ivferaa wMasg expieeses these conditions, it is neces- 
iii% <«i0L) l^barai^r^QsowraXiaiKlXssati^jnng the differs 


$Xt 0Xt • 

S5® 

iril » ptiliiiwiiir iointinii m io^ad b^r aswnning that neither Xi nor Xt involves 
lli** ItliM X% M(r he My tawstioffli of and Z* =* — y**^^Xiida;<i>, the 
iMir imH bilBf Mcr a;t^. In the int^pration a;^ is r^^arded as a 

MMirat Wmm by the indnction lemma the theorem is true for n ~ 3 
«m4 #mr iar n * 4 mad ao lor every integer n. 

lEh pew ^hidiBwtkm lemma M of the equations 


w dXr dX« 

”"S<J>“a*w 

(r <«, 

= 1, •••,n) 

We have then 



^ dxt*> 

(r = 1, 

•••, n - 1) 

/•*(**) 

. +f^,,,Xr.dzCn>+Xr 

(r = 1, 

•••, n - 1) 


whenoe 


mben is a ocHistant; Xr is any function of and in the 

integEatioii • • •, x^*^^ are constants. The remaining equations 

^ dXr dX, 

~ (r < s = 1, . . n - 1) 

give on substituting these values 

▼ _ , . ax, ax. 


, 4 - r ^dr^’^ _ r ^ 
+ r*^ £tc<«) ^ Ml _ Ml 


^ Mud^u, . Ml.Mi. 

,(«) diw ^ a®!*) ai(») 


from 0 = Xr,, 


_ ^ ax„ , ax. 


“"'•“axo^aiw-r^) 

* X,. - Xr. + ^ where Xr, is the function Xr. when x^") is 

put * Xi<»>. 
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^ oorrespooding to n even and n oiM we sliali adopt the 
first form for X*, ... 

... ***vi«v dX)j|...^ji^ 

••• *“ 5ar^*^ 


Beneeweh»vett»(* 2 

= aXr ax. 

“ aa^*> dar<^> 

ft — 1 TnJmowns Xr and invcdving » — 1 i ndepepdent 'vsnablee 
s^, Also 'we have^^~ ^^int^rabfli^ eqoatkos Xm »0 

found by jwtfemg 

Xr.i = 0 (r < « < f - 1, ~ 1) 

if solve these equations, i.e., if our hypothesis is true for » — 1, 

can solve the original equations which are identical in form but involve 
one more independent variable a?<»>. The particular case of this theorem 
oorre^nding to n = 4, p = 2, tells us that Maxwell’s equstkms 

— 1 dS 

curl E -i ^ = 0 div B * 0 (in the usual notation) 

c at 

imply the existence of the electromagnetic potential (A„ Ay, A., — c^) — 
which is as in the general case when p » 2 a covaiiant tensor of rank one- 

such that _ 

_ 

B = curl A; B = — grad <f> — 


For further details cf. Physical RevieWj N. S., Vol. 17, p. 83 (1921). 

It is apparent that there is a great degree of arbitrariness allowed in the 
determination of the functions X ,^ ... in fact we may add to any solution 
any alternating covariant tensor of rank p — 1 whose integral over any closed 
spread Vp^i of p — 1 dimensions is zero. For example we may add to the 
electromagnetic potential any ffradient of a function of position; that is 
if (Ax, Ay, Am, — c<t>) is any determination of the electromagnetic potential. 


so is 


A =A 

T - il _L^ 
Ay=Ay+ gy 


A.=A.+ 


dF 


i- where F is an arbitrary function of x, y, z, t. 



as 


fBQfOft MmL'mS ANB BELATIVrrY 


tjli» y 4. 1 n and there is <H)ly <s>e distinct function ... ^ 
eMneeeoBtoftikBdHmaettingdiaraetierof thisset. Let us choose 
tiyb «M w • and our fomala is 

^ ^Xt m m-i ^Xus •" •— 1 2 ii_2 n 

Hev &ere are oidy’ * di^ioct ihctictioiK X<, ... and it will be 
UnmiMn. aad eooTmwBt, to indicate these by means of a single 
UbeL IhHBiievRte 

(Xii) • Xi ... *-1 

(JTa— 2) * “ XjM ... 1 *.^, • 

CX^m+Xu **• •-I, » — -^U ••• «— S, », »— 1 


(JTi) ® ••• » — -S^mSS ••• nr-l 

wimt we tare ctroful to put parentheses round the symbols (Xr) 
to indicate that they are noi the components of a covariant 
tensor of rank one* 

Maxirall vmhd bijmeif of this arbitrariness and chose F so that div A ^ 0 


a»F a»F 

dz* ' 


— div A 


yjakiing, from the theory the Newtonian Potential, 

4ir r 

The usual procedure with modem writers is to choose F so that 

div A + 1 ^ ^ 

c dt~' 

The equation determining F is now 

a^F , d^F , d^F 1 d»F 


whence 


a^F ,d^F ,d^F la^F . 1 d0\ 

ds* ay> az* c»at»“ (^divA 


hi- 


div A 


- 

c at 


4ir 

from the theory of the retarded potential. 


-dr 
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•Jljeai we have 

Zi ... , = omhcal label) 

Although the (X,) do not form a covariant tenacw ci rank one 

they are very dosely related to a coBtrooiriani tensOT of lank one. 

In fact there is a repiprocal relationship between an attamaUmg 
eomriatU tensor of any rank r and an allied eonbrcamriant titsr- 
Bating tensor of rank n — r. Itisaspe<aal<asedthkrecapn)city 
stressed so much by Grassmann in his Ausde hn u n gsteJire that 
^ves tl» dual relationship of point and plane, line and line in 
analytic projective geometry and it is from the termiodogy ci 
that subject that the terms “ oovariant ” and “ wntravariant ” 
are In order to bring out this reciprocal relatioi^up in 

the dearest manner we must make a digresaon and discuss what 
are meant by “ metrical properties ” of space. 






V 

il’t' . 

wf' ^ 




CHAPTEa in 


I. ImMGioQnmf m tbb mvebicaii tsmt. into oim oeohetet* 
l4it «■ a OBTve Fi ^jiedfied by the equations 

yiA ss arf*>(«) (j = 1 , • • •, n) 

TO* qaadrstin ijgawntiai form 

(r, s umbral) 


w to'e tbe fra aie faactions <A portion, will be invariant provided 
that fbese fanctMHJS f(»m a covariant tensor of rank 2. (This 
is a ooDsequeDoe of our rale (d), CL 2, § 4, and its converse since 
the set a* functions 


dsf •dx* 


dx^*^ 
du du 


{duf 


form a contravariant tensor of rank two,) Accordingly the grt 
bdng of this kind the integral 


_ r I dx<^^dx<^> 
J mo du du 


•du 


has a value independent of the choice of coordinates x; it is called 
the length of the curve Vi from the point specified by to that 
specified by u'. If the upper limit u' is regarded as variable 
and written, therefore, without the prime S is a function of this 
upper limit ix and its differential is given by 


{ds)^ = (r, s umbral) 

where the positive radical is taken on extracting the square root. 
It will be convenient to agree that, in some particular set of co- 
ordinates r, we arrange matters so that Qrs = g.r] this can always 

• The moet satisfactory presentation of the general idea of a metrical space 
is that given in Bianchi, L., Lezioni di Geometria Differenziale, Vol. 1, § 152. 
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be <Jooe by rewriting any two terais, 

for example^ of the summation whidb do not satisfy tlm reqinre- 
meat in the form + f$t)dx^dx^ + 
l%e equations defining the covariant o^Tespoodei^ 

(I, m umbral) 


We may express this result by saying that the property of any 
special tensor of being symmetric is an absolute one just as is 
the property of being alternating. 

2. Reciprocal form for(&)* 

Consider the n linear differential forms 

(s umbral; r = 1, • • •, n) 

We can solve these for the differentials dx^*^ in terms of the n 
quantities as follows. (Note that the {r form, as the notation 
indicates, a covariant tensor of rank 1 from our rule (d) of com- 
position or inner multiplication.) Let us denote the cofactor of 
any element ffrs in the expansion of the determinant 

^11 ffi2 • • • 

. 

ffnl * * * ffnn 

by (Grs), observing in passing that ((?«) ^ ((?«r)- The parenthe- 
ses indicate that the (Grs) do not form a tensor. From the 




fmcmM AMiLism ai«i> eblativity 


«l ft 0QiMi«r &e sQQ^a^ 

» g wlsen m = # (r umbnd) 

B 0 when m + # 

W« u Im P no* istrodoee the hypothec that our metrical space 
II iadk ibftt f does sot vasakh idiotically (it will be presently seen 
fhMfc fill is tm prop e r t y ) and f<»r all points where g is 

ftatammhaTO 

'l*"”-* (rmnbnJ) 

= 0 when m + « 

Hyto 1 ^ m (O^lf and fct ns justify the notation by showing 
that tib f** form a oontravariant tensor of rank two. From our 
ddSnitkm it is synmaetrical and so we have in addition to 

=1 if m = « 

= 0 if m + ^ 

the equivalent equations 

gtrg^ =1 if m = ^ 

= 0 if m 4= « 

These relations suggest that we multiply the equations of defini- 
tion 

= grsdx^*^ 

by and use r as an umbral symbol. We obtain then 

(r, s umbral) 

= from our relations just written 

Accordingly 

{ds)^ ^ gimdx^^^dx^^'^ = r, s umbral 

= (r, s umbral) 

since gumg^^ s 0 unless m — r when it = 1 . 

The form, by rule (c), Ch. 2, § 3, an arbitrary contravariant 
tensor of rank 2 and (d^)* being, by hj’pothesis, invariant, the 
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converse of rule (i), Ch. 2 , § 5, gives us the result that the 
form a oontravaxiant (symmetrical) teiisor of rank 2 . When we 


write 

{dif ^ (f , 9 umbral) 


it is said to be written in the reciprocal form. 
this form and write 

and solving these obtain 


and then find 




We could start with 


3 . If now we have two determinants a s |ar»l, h s \b„\ 
each of order n (the notation implying that is the element in 
the rth row and 5 th column of the determinant a) it is well 
known that the product of the determinants a and b may be 
vrritten as a determinant c* of which the elements Cr* are defined 
by 

Cn = O'lfiu {I an umbral symbol) 


This kind of a product is said to be taken by multiplying columns 
of a into columns of b. 

We can, with the aid of this rule, easily see how the determinant 
g behaves when we change our coordinates z to some other 
suitable coordinates y. We get a determinant / of which the 
f, 5th element is 

Here 7 -: may be conveniently denoted by (jir) since it is the 

Z, rth element of the Jacobian determinant J of the transformation 
from ztoy coordinates 

* Cf. BdckcTj M,y Introduction to Higher AlgebrOj Chap. 2, Macmillan (1915). 



faOIOK iSaij'SSSB AJH) BBLA-XiviiY 


3*® 


a®« 

ai® 


a*®. 

^*"ay®' 


ait® 

ayW 




- gtmijir) 


j.\. i. ( ax®\d^^ 

ia iImi m& dmeat of the product gJ so that ygtm-^ 

Ii tie f»*h «hwt>Bnt of the product d the detenmnants gJ by J. 

IKs importtat fomula shows us that if flf + 0 neither will 
/■ 0 J S 0 in which case the y’s would not be suitable 
/ can be sero at points where ^ 4= 0 if J = 0 at 
ttvw, points; sudi points would be singular points of the system 
of coordinates and the quantities f'* would not be defined for 
tWwn. 

Example 

In space of 3 dimensions with rectangular Cartesian 

oooidinates we write 

(i»)* = (dx®)*+ (da:®)®+ (dx®)* 

so that jii = Pm = — 1> ffis “ S'!® ~ 9ii ~ space polar 

coordinates we find 

fn si fii= /®3 = 2/”^* sin* j/® 

fn = fiz = /i8 = 0. 

Here c = 1 

/ == fvf22fzz = 

so that 


1 ; r = r = 
/u fit y 


,(!)« ’ 


/3®=± = 






sin* y® 


fa = fa=f> = Q 
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«ad 


= + + 


* Ba fact Si = dsfi^, etc. There are no aingnUr pmnts in the * 
co<»dinates but there are in the y system; those fmrhkh J => 0 , 


Le., 

y®* sin y® = 0 


'Hsese are the points on the polar axis 

yCi) = r = 0; y® s = 0 mr T 


4 . If now »!•••«. are any independent parameters in terras 
of whidb it is convenient to specify both the x and y coordinates 
we have, by definition of the symbol, 






d(«i •••«») 






and a similar equation for (i(®® • • • so that 

d(y® • • • y^®0 _ d(y® • • • y^"^) ^ d(a;® • • • 

<i(a:® • • • d(Ml ••■tin) " d(Ui • ■ • Un) 

If we multiply the determinants and 57^77^ 

d(ui ■ ■ ■ tin) 5(a:'‘> • • • a:^*') 

together and note that 

da;® du, , , /■ u n 

a75?r>-i 

= 0 if< + r 

we find that their product is unity and so we can write the 
quotient 

^( 2 ^( 1 ) . . » yin)'j ^ 3(^(1) . > . yU)) ^ d(t^l — * ^y, ) 
d{ui • • • Un) 

= d( y<'> • • • y ^">) ^ ^ ^ 

dum dx^'^ 

{m umbral) 



m 


racam, ihalysis aot> EELATiviTy 





... 35^) Y 
•••»<•>)/ 


83 above 


■ ainoe / = gJ*. 




MlbHtti&eaqpcessKm S8a«)t«arian<. In view of the fact that 
It OB the fondamoital quadratic differential form (dsy 

itb esBad a ntirieal invariant. 

I>t BB ooodkkr an int^rai over a region of the fundamental 
U paoa 8m y-STi — Here Xi... * is the single 
dWbct fcmetion of an aditrary diternating covariant tensor of 
laal: ». Sinoe the integrand is invariant and since VJ d(x^^ • • • 
jfi*) b invariant it fdlows by division that Xi Vy is an 
■•nmvMnt. As an ai^cation of Stokes’ Lemma we have already 
E 


* V 1) ••• • *“ Ji“l> ““ 1 ... 

(whne X,, ... is any alternating covariant tensor of rank 
B — 1) then 




(s umbral) 

b the coeffident of an integral over a region of S». We see 

J__3 


1 d 

therrfore that- 7 : (X,) b an invariant. 


We shall now investigate the nature of the n functions (X,). 
Under a transformation of coordinates from a: to y we find, for 
example, 


(y.)sri...,^isx.. 




= Z 


^n-1 


0a;(*n-l) 

{$1 • •• 5n-i umbral) 


(owing to alternating character of Z,, ... 
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And, according, if we denote the c<rfact<» 5-j-r 

oy'*' 

sbn / by (Jr.) we have 


intheei^Mta- 


In general 


(Yn) ^ (J«)(Z.) 

iYr) S (J.r)(X.) 


(f umbcal) 


If we solve the n equations 

diW _ aa;« 

3y(p) 3a;(.) “ 3 j<.) 


= 1 if * =r 

= 0 if « 4 = r 




_ / j \ 


so that we may write 


(p mnhral} 
r = 1 ••• a 


or 


0 %)^ 

V/ Vy da:<*> 


(5 iimbral) 


(X) . 

showing that is a contravariant tensor of rank one. We 
may then put (Xs) = X* and our previous result takes the 


1 d 

form that -7^ — -- {^Jg X^) is an invariant; X* being any contra- 

variant tensor of rank one. This metrical invariant is known 
as the divergence of the contravariant tensor. 


5. Special results 

If is any invariant function of position the rule 

of differentiation 

du _ du 


{s umbral) 



m 
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du 

tAiaB<i«tti)e»fB3Qeiioas a covariant tensor 

if iwAl one; tioB is known as the tmtor gradient. If Xr is any 
iQiraiiinpt tensor of rank one its simple product by itself oe 
* aqpue ” is a oovariaat tensor <rf rank two, X„ = XrX,. 
Sbnee by rale (d)» C3i. 2, § 4, 

f*XrX, B an invariant (r, « umbral) 

'llil is eaBed the square of the magmiude of the Itensor. In 
patfaBisr tbn square of tire tensor gradient is the invariant 


lXmhhxmntaiib»“ fir:d^eretdial 'parameter qf u.” Similarly 
the raagn^ode el the square a contravariant tensor of rank 1 
is the invariant gnX^'^X^*^. 

Again 

ff” = -T* (r umbral) 


is contravariant of rank one (rule (d)). Hence 



is an invariant 


(r, s umbral) 


by the result of the preceding paragraph. It is written Aiu 
and is known as the “second differential parameter.”* In 
(wdinaiy space of three dimensions in which the z’s are rec- 
tangular Cartesian coordinates 


gn = 0 if r =t= « 

= 1 if r = # 

and gn = g"; -yjg = 1 so that A 2 U takes the form 
d^u , d^u d^u 

52(1)* ■•'5^2 +3^ 

‘Larm^, J., Transactions Cambridge Phil. Soc., Vol. 14, p. 121 (1885), 
obtains thb transfonnaUon in the case n = 3 by the application of the Calculus 
of Variations. 
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When we change over to any "cm 
we have under the f CHrm 

the expression of this magnitude in a lor* 
coordinates. 

6. General orthogonal 

Whenever we have, in any space, a> 
caqnession (ds)* involves only square te 

the coordinates are said to be orthog 

explained later). It is usual to write, in this csasc, 

(day s ^ (dxiy + + • • • + ^, 

accordingly 

gn = ^,-, ••• = 

so that 

__ 1 1 1 . «/I_ 1 

^ h^'hy'‘'hn^' ^ hh-’-hn 

^ r ^ s 

The square of the gradient is 



whilst the quantity 


A2W = Jiih^ 



hi 

du \ 

1 dx<« ' 

^h2 ••• 



d ( K du \] 
dx^”'^ \hi • • • An-i d / J 


The reader should WTite out the explicit formulae for space polar 
and cylindrical coordinates in ordinary space of three dimensions. 
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m 


7* Itel «P»CUI» OB KBSTiaiCTBl) VECTOB ANALTOIS 

i» tbe form pvm to the tlieoiy by Heaviside and others only 
aoovdbiates x or f ecmskiered in which the f undcunental 

»ie«dbil fdtm is 

ib^ m + • • * + + • • • + 

coesdinates we call rectangular or orthogonal Cartesian 
Qoeci&tfiles and tJbe space we call Euclidean. It is true that 
mm was Mde of Stakes’ lemma to find expressions for important 
as in otb^ than <nthogonal Cartesian coordinates 
bit m attapt was made to define the components of a vector 
li time ooercfinates. Now when we restrict ourselves to that 
(of afl the continuous transformations) which carries us 
fipom one set of orthogonal Cartesian coordinates to another 
the distinction between covariant and contramriant tensors com- 
pletdly dkappears. The transformations are necessarily of the 
iinear type 

=r (ar,)y^*^ (s umbral, r = 1 • • • n) 

where the a’s are constants. Since here / = ^ = 1, fP = 1* 
and so the equations just written have a unique solution for the 
jf's. To get this most conveniently note that = {arMy^*^ 
and squaring and adding we have 

(ar,)(ar«) = 0 t ^ s (r umbral) 

= 1 i = 8 


Hence multiplying the equations for x by art and using t 
as an umbral symbol we find 

(art)x^^^ = (art){ar,)y^*^ (r, s umbral) 

= 

• • aa.(r) • 

Accordingly the equations of correspondence defining covariant 
♦ We shall consider only direct transformations; those for which J = + 1. 
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mad contravariant tensors are, for this restricted set of trim- 
formatioiis, identical. Again denoting by (4„) the oo&etor 
(ort) in the expansion of the determinant J we have by the 
iBual method that 

and dvjce the solution is umqne we must have (ort) = (Art)* 
Hence since ^ = 1 we have that the n distincl eompommts of an 
altegnmting tensor of rank n — 1 form a iemor €§ rani ame. It 
fa for this reason that when n = 3 it was found necessary to 
discuss but one kind of tensor — ^that of the first raaotk which was 
called a vecior.f Still some writers felt a dfatinctbn between the 
two kinds; that of the first rank they called polar and the 
alternating tensor of the second kind, whose three distinct com- 
ponents form a tensor of the first kind, they caUed axial. Thus 
a velocity or gradient are polar vectors (the first being properly 
contravariant, the latter covariant) whilst a curl or a vector 
product are axial vectors. 

When, in the mathematical discussion of the Special Rela- 
tivity Theory, it was found convenient to make n = 4 [the trans- 
formations (Lorentz) being still those of the linear orthogonal 
t>T)e], a new kind of tensor or vector is introduced. Here it is 
the alternating tensor of the third rank which, when we consider 
merely its four distinct components, is equivalent, from its 
definition and the properties of the transformation, to a tensor 
of the first rank or “ four-vector.’" There remains the alter- 
nating tensor of the second rank and the six distinct components 
of this were known, for want of a better name, as a six-vector. 
As an example of the general theory we have that 

(a) the divergence of a four-vector—^ is an invariant. 

or' 

{s umbral) 

* This is merely a special case of the previous result that J - {J,r). 
t Until a consideration of non-alternating tensors became desirable. 
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iMi «ai A itoctKHis Xt s form a covariant tensor 

wmfc- cm; t&is is known as the tensor gradieni. 1£ Xr is any 
«onrilMl tensor rank one Us simple product by itself mr 
is a oovariant tensor of rank two, X„^ XrX,. 
Bsaoe bsr iwfe <d)> C3i- 2, § 4, 

fXrXt is an invariant (r, s umbrtd) 

mil Is the square the magnitude of the tensor. In 
the square of the tensor gradient is the invariant 

(r,^umbral) 

l!Wi » known as the “)irri(K/ercnrioZ parameter o/tt.” Similarly 
fibs msgnitiide oS the square of a contravariant tensor of rank 1 
is the invariant g„X^''^X^’^. 

Again 

du 

^ = X* (r umbral) 

is contravariant of rank one (rule (d)). Hence 

^ Vy fii'* ^ is an invariant (r, s umbral) 

by the result of the preceding paragraph. It is written A 2 M 
and is known as the “second differential parameter.”* In 
ordinary space of three dimensions in which the a:’s are rec- 
tangular Cartesian coordinates 

Pm = 0 if r 4 = s 

= 1 if r = s 

and Pm = p'*; Vp = 1 so that A 2 U takes the form 

dhi , d^u 

dx^ 

•Larmor, J., Transaotions Cambridge Phil Soc., Vol. 14, p. 121 (1885), 
obtains this transformation in the case n = 3 by the application of the Calculus 
of Vaiiattons. 
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Ylbm we change over to any ciirvilmear eocrdmate f 
wt have under the 



the expression of this magnitude in a form suited to the new 
coordinates. 

6. General orthogonal coosihnatss 

Whenever we have, in any space, coordinates z sudt that the 
expression (ds)^ involves only square terms, Le., s 0 if a + r, 
the coordinates are said to be orthogonal (f<Mr a reason to be 
eiq>Iained later). It is usual to write, in this case, 

(day = ^ (dxiy + ^ (<Zx®)* + h ^ 

accordingly 

j/ii = ; • • • = 

so that 

_ 1 1 1 1 
^ hy'hy'"hy’ ^ hh---h, 

= hy ‘ • g’”^ = hy ; f* = 0 r ^ » 

The square of the gradient is 

whilst the quantity 



The reader should write out the explicit formulae for space polar 
and cylindrical coordinates in ordinary space of three dimensions. 
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Bratov my &-ved»r Xn we may derive a four-vector 
SB tMetaatiog teaaca of the tlurd rank) 

T — SXtm _ i _ 9X,t . dXtr 

It is lids four-vector that vas written lor in honor <rf 
locesta. 


8. CtoWBAIXSA'nON OF THK HECIPEOCAL EELATIONSHIP be- 
tnoen an altemalmg tensor of rank r and one of opposite kind 
el « — r fwan the case r = 1 already treated to a general 
value of r. 

We have already seen that 


J 




(^.p) 


where J is the determinant 


a(a;a) . . . 

a(y(l) . . . 2/(^>) 


of the transformation 


I (J,p) is the cofactor, in the expansion of J, of the element 

dx^*^ 

(j* ) s — - of this determinant. 

Hence 



5j,(n) 


J 

J 







dy('t> 


J 

7 . 







Now the determinant of the minors of J is well known to be 
equivalent to the product of J by the determinant of order n. — 2 
obtained by erasing the 5ith and ^ 2 th rows and the rith and r^th 
columns of J affected with its proper sign (the determinant of 


order n — 2 is the cofactor of 


in the Laplacian ex- 
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pflwginn of / in terms of two row detenninaitts from the «ttk 
and 9 tth rows and the rith and rjth rows). Hence we have tibe 
result that the n(n — l)/2 distinct components of an aHntnating 
oovariant tensor of rank n — 2 when dinded hy V? form Ihe 
distinct components of an alternating contravaiiant tensor of 

rank two. And so in general. Smilariy the distinct oom- 

jKments of an alternating contravaiiant tensOT cf lank s — r 
when miMplied by Vy form an alternating covariant ta&ot of 
rank r. 

Example. Take n = 4, r == 2 and conrider the linear <8thog- 
opfl.1 transformations of the Special Relativity Iheoiy. Here 

Xi2 = X>*; Xi3 = X«; X» = X» 

Zsa = Xu = X»i; X„ = X“ 

The two tensors or six vectors X„ and Z” were said to be 
reciprocal.* 

* Cf. Cunningham, E., The Principle of Rdatmiy, CL 8, Camb. Univ. 
Press (1914). 



CHAPTER IV 


L GmmEmcu. lUTBBPBBTATroN OP am components op a 

TENSOB 

DEPiumoNs 

(ij JHneiion a ewrte at any poirU on it. 

H «iQr point « <m the cum Vi specified by the equations 

a:<*> = iW(n) (, = 1, . . 

whose length t from a fixed point uo is defined by the integral 

we may form the n quantities 


fW s dc 

ds du ' du 


(.r = 1, 

We exclude from consideration here the “ minimal ” curves 
a ong which dc=Q. Since ^ is a contravariant tensor 
of rank one and ds is an invariant we have that the n quantities 
„ form a jiontravariant tensor of rank one which we call the 
direction tensor of the curve at the point in question. The 
direction coefficients. The equation of 

{ds)- = g umbral) 

SL* that = 1 so that a knowledge of the mutual 

ratios of the direction coefficients suffices to determine their 

exrSfs^^'tl. ' f iodefiniteness as to sign). Otherwise 
expressed he magniiude of the direction tensor is unity. Fixing 
the indefiniteness as to sign by a particular choice is Ld to fix 

54 
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a smse of direction on the euree and the curve may be stii 
to be directed. 

2. (6) Metrical Definition qf Angle 
Consider two curves with a common point and let their direc- 
tion tensors at this point be and Tba simple product 
s is contravariant of rank two (Rule (c), Ch. 2) «a<l 

so the expression is invariant (r, e umbral; Buk 

(d), Ch. 2). This we call the-cosine of the angfe 0 between the 
two curves (directed) at the point. If the quadratic diffesratial 
fonn defining {ds)^ is supposed to be definite, i.e., if it is suppoeed 
that (ds) cannot be zero, for real values of the variaWes 
and save in the trivial case when all the = 0, it can 
easily be shown that the angle defined in this way is always real 
for real curves. Let us write instead of the expression 
}J(r) ^ and thus form the quadratic expression in X and p 

This is not to vanish for real values of X, p save when X = 0, = 0 

(we suppose the quantities and all real and the two direc- 
tions as distinct). Using 

we have that 

X2 + 2X/X cos 5 + m" = 0 

must have complex roots when regarded as an equation in 
X : M- Hence 1 — cos^ > 0 so that the angle as defined above 
is always real for real directions under the assumption that {ds) 
cannot vanish on a real curve. It must be remembered however 
that this assumption is not always made, e.g., in Relativity 
Theory. 

When cos 0=0 the curves are said to be orthogonal or at 
right angles at the point in question. 



m 


YSCiOWi ANALYaiS AITD BELATTVlTy 


ExxKPvea 

la or&aiy aptnat whi the os’s as rectangular Cartesian co- 
cn&alas m have tlu usual exf^ession 

coft8<= 

( po, y» , !»), mCa^ ««) the direction cojinca 
^ two cmros. If now we use any “ curvilinear ” coordiiiA*P« 
lP*» f*) the an^ between two curves is 


& pat^^edar we W6 <atiiogonal coordinates 


(r, a umbral) 


(*)* = /n(W + + /33(dy(»))* 


cosB 




Thus for a curve in polar coordinates r, 6, 4> 


+ etc. 


cosfl = 



+ r® sin* 6 


f d<p\ f d(p\ 
\ds / 1 \ds J 2 


It ^ now be dear why those coordinates in terms of which 
W has no product terms are said to be orthogonal. 

For 

f = „ „ 

‘ts covariant character) 

H now aU the coordinates y but one, s,« say, are kept constant 

equations, in the a: coordinates, may be 
conveniently specified by means of the parameter yW 

x<*> s arlO^yCr)^ (j = 

point y there pass n curves of tHs kind which we 

^ofTh y through that point. On the 

rth of these coordinate hnes the direction tensor is 

n = _ 5^"’ . ds 
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and so the vanishing of the compon^ /rt states that the co- 
ordinate Kne? and are orthogonal* Hesoee M (df)* does 
not contain any product terms the coordinate lines are emyrnkm^ 
aQ mutually orthogonal and so the coordinates are said to be 
orthogonal. In ordinary space, i.e., where the are reetanguiar 
Cartesian coordinates and where the y’s are orthogonal oo- 
<Fdinates, 



a result which is sometimes useful in the calculation of the 
coefficients fn, fn, fzz • • * of the form (ds)^ in the curvilinear 
coordinates y. 

3. Resolution of tensors 


If we consider any covariant tensor Xr of rank one and take the 
inner product of this into a direction tensor we derive the 
invariant (r umbral; Rule (d)). This we call the 

resolved part of the co variant tensor along the direction 
Let us now make a transformation of coordinates from x to y 
and consider the coordinate line The n components of the 
direction tensor for this curve are proportional to 




(r = 1, ..*,71) 


To determine the actual values of these components we must 
divide through by the positive square root of 


and this is equivalent to 


{I, m umbral) 



m 
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e({WtM»s defining the covariant correspondence !<» a 
teBwr of tiw &st rank are 

Ji aw * 9 ^ umbral) 

* tkias the resolved jmrt of the tensor Xr along the co- 
<Kdinate direction 


Example 

pdbur oo<Hdinates y in ordinary space of three dimensions* 
Tlw s aie rectangular Cartesian coordinates. Denoting the 
resolved parts of the comriani tensor X in the directions 
by R, e, $ respectively we have since /n = 1 ; /22 = 7 ^; 
fm= ^ sin* 0 

Yi = R; F 2 — r0; Yz= r sin S#. 

xee distinct components of the alternating co variant tensor 
ik two, curi X, in polar coordinates are 


dR d , . „ . 
d dR 


Similarly for cylindrical coordinates p, (j>, z where /ii — 1; 
Stt = p*; /sj = 1 if we denote the resolved parts of X along the 
three coordinate directions by R, Z we have Yi = R; 
Yf^p^; Yz= Z and the components of the curl are at once 
written down. 


Re^olviion of ConiramriarU Tensors, 

To define what is meant by this w^e require, not as before the 
coordinate lines along each of which all the coordinates y but 
one, y^^^j are constant, but the coordinate spreads Vn-i along each 
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of wikh all the variables but one, say, vary. Hie poiaaietien 
*1 • • • t<»_i may here be very conveniently chosen to be fJie 
coordinates yi Vn themselves omitting and then yW ^ , 
constant (a particular function of «i • • • Now, in goMra]^ 

when we have a F«_i specified by equations 


a:<*> s x^*\ui, • • •, twi) (a = 1, - • -, ») 


we obtain on the spread, through each point, n — 1 parameter 
lines by letting in turn each parameter varj', keeping sJl the rest 
fixed. Any one of these, u, varjing, say, has at the point in 
question a direction tensor whose components are proportional to 


dUr 


(a = 1, ••■,>») 


Let us look for a direction orthogonal at once to the n — 1 
directions of these parameter curves. Such a direction tensor 
has components say and is said to be normal to the 

spread F»_i at the point in question. To express the required 
orthogonality we have n — 1 equations 

— — =0 (Z, m uinbral; r = 1 • • • n) 

OUt 


homogeneous in the and thus serving to determine 

their mutual ratios. To actually solve divide across by one of 
the unknowns say and we have tz — 1 linear, non-homogene- 
ous equations for the (n — 1) unknowns 


'Ol 


n^n)’ 






*The algebra following here is somewhat comphcated and so it may be 
desirable to derive the expressions for the components of the normal direction 
tensor to the spread as follow^s. Working with the coordinates y the n — 1 
parameter cxirves varying (s = 1, • ••, n — 1) have their direction coef- 
hcients proportional to 


( 1 , 0 
( 0 , 1 , 0 


0)1 

0 )/ 


( 0 , 0 


1 , 0 ) 
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ol the coeffii^ts has as the element in die 
rth eev sad <th oolnmn 


dUr 


(m umbral; r,9= 1, • • •, n — 1) 


‘11^ detetEjUBant is therefore the {Hroduct of the two matrices 


fe 


1* 1 


fu 


§»—l9 n 


dx^ 


3a:(»> 

dui 

dui 

dui 

daP^ 



dUn-l 


dUnr-l 


eaeh ol » — 1 rows and n columns. It is weU known that this 
prodoet can also be written as the sum of products of all cotre- 
1 equatitnis eipiessiiig nf'> is orthogonal to these 

/(.wW = 0 (i = l, — l;r umbial) 


lespeetmiy. Tbea 
» — 1 d i i eet i cns are 


Hence the taiias 

«W:n« : ••• :n<»> "/i;/"*: 
the actual values bdng these divided by 

± 


:/» 


[ooe mi 2 st be warned against thinking that 


(s = 1, • • n) are contra- 

variant. When a change of coordinates from y to a; is made the spread 
y<») » const does not become = const.] If now we wish to use x co- 
(Hdinates, the normal direction tensor, being contravariant of rank one, has 
oon^xments proportional to 

(r = 1, • - n; s umbral) 

^^ ay"ay<*> ax’- 


umbral) 

If y<») m • • *, x<»>) we have that the normal direction tensor to the spread 

has its components proportional to the result required. 
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^Kmding determinants of order n — 1 that can be formed from 
eadi matrix. Let us ■write for brevity 


m - (- 

o(«i ••• 

... 


(/,) s (- i)«^J 

V>n) = 


d(Ml ■ 
. . . 


•• «»-l) 
-D) 


d{ui • • • 

and the determinant of the coefficients becomes 


^ (<?«)(«/.) (xumbral) 

which may be written g g”*(J,). The numerators of the fracticMB 
furnishing ®i • • • ®»_i are dealt with in the same way and we have 

„(i) ; n® : • • • : n("> = : ^(J,) :..... 

(Since the (J.) are really the n distinct components of an alter- 
nating contramriant tensor of rank a — 1 we know that 
Xt— {Jt)'>lg is a covariant tensor of rank one verifying the 
contravariant character of the a® (Rule (d))). If all the (J.) 
vanish the point is said to be a singular point of the spread and 
the determination of a® becomes impossible. 

Let us now apply these generalities to the spread F„_i given 
by a single equation 

I’'(a;(l) . . . a;(n)) =z 0 

connecting the coordinates x. We may solve for one of the 
coordinates, say, in terms of the others and 

these others we use as the a — 1 independent parameters of the 
spread: 

= Ui = U„_i xC") = xCn)(u^ . . . 


are then the equations, in parametric form, of the spread 
Our matrix 


(r = 1, • - a; a = 1, • • •, a - 1) 
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lia^ 


•ad 90 


10 0 
0 1 

0 0 


... 0 

ax® 

. axw 

a®«"-» 

■ a^“^) _ a(x^“^ X® 


a;(«-i)) 


ax<«> 

Oa:® 


a(«i, 

0 


1 

0 


•, «»-i) 

•• 0 
.• 0 


a(a:0> . . . «'»-«) 


ax<*> 

ax<-« 


dx^*^ 


xi")) = 0 of our 


spread V^-i 

we obtain 


aF 


ax® 

so that 



ax<"> 


ax® 

whence 



aF ax<»> 

ax®''’ax<”>ax® 


= 0 


aF . aF 


ax^^^ ' ax^"^ 




, dV 


In particular, if the spread F„^i has, in the y coordinates, the 
equation = const., we have for its normal direction tensor 

jj(i) . ^( 2 ) ; . . . ; ^(n) = : • • • : c’'* “^n umbral) 

The actual magnitudes of these components are found by dividing 
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^soogh by the positive square root of 

(rJKrfoHibtal) 

which expression is s ^ (r ^ umbral) 

^frr 

If BOW we have a contravariant tensor <rf raiik one it b 
ajeaningless to call the resolved part of the tensor m the 

direction I for the simple reason that thb expressicm b not 
inmriant but takes on different values in different systems of 
coordinates. However, we may first form the covariant tensor 

Z, = ffsrX^'^ (r umbral. Rule (d)) 

This tensor is said to be reciprocal to the contravariant tensor 
Z^*'^ with respect to the fundamental metrical quadratic differ- 
entbl form and its resolved part in any direction we call the 
resolved part of the contravariant te7iJ»or in that direction. Thus, 
for example, the res^lvca part of the contravariant tensor Z** 
in the direction normal to the coordinate spread = constant is 

gspX^-n^^^ = ( 5 , p, t umbral) 

1 ^ 

= umbral) 



Hence any component 7^"’^ of a contravariant tensor of rank 
one is the product by V/" of the resolved part of the contravariant 
tensor normal to the coordinate spread 2 /^'’^ = constant. It is 
now apparent that to deal with covariant and contravariant 
tensors of the first rank we require the coordinate lines through 
each point and the normals to the coordinate spreads through 
that point. When the coordinates are orthogonal j and only then, 
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&BBe fiaee Mad aormids ooiodde and a great simplification is doe 
to His fact Iliis explains wby ortlmgonal coordinates have 
htm veeA, abaaost to the pdnt ci exduding all others, m the 
hme^aetaoes d Theosetkal Physics. 

4. 'Ryavpt.v. (a) 

S^aoe polar coordinates. H^se being orthogonal the normals 
to the spreads r = const., 6 = const., ^ = constant are the 
oeorABafe ines r, 6, ^ respectivdy and, if we denote the resolved 
parii of the ooctravaiiant toisor in these directions by 
1^^ # the three oomp<ments are 

F® = J8; 7® = -: F*) = — . 

r r sintf 

bi geiwral for orthogonal cocerdinates y with 

(&)* = MdyOiy + • • • + /,»(dy«)* 

we have/*^ = 1 //«t and if, as usual, we write /rr — 1/Ar* we have 

/ = {hi* V • • • h,*)-* and /" s hr* 

Here 7® s hi{Ri) • - • 7^"^ = hn{R„) where we denote by 
(fli) • • • (Rh) the resolved parts of the contravariant tensor along 
the coordinate directions 1, 2 , • • • , n respectively. The divergence 
of the contravariant tensor 



Thus, for space polar coordinates, the divergence is 


1 1 ('* *> *H) + 1 (-■ sin «e) + i (,«) 
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and for cylindncal 


1 

P 



+ ^ + 


d 

dz 



Exarwple ( 5 ) 

In order to illustrate the distinction between covariant and 
anstravariant tensors we now consider cblique Cartesian cooidi- 
nates y so that 

(&)* s + (dy^y + (dy^^'^f + ZKdy^^dy^ 

+ 2iidy^dy^ + 2pdy^dy^ 

where the constants X, /x, y are the cosines of the angfcs between 
the oblique directed axes. Here 

\ V II 

Js y 1 X = square of volume of unit parallelepiped with 
\ 1 its edges along the three axes. 


j^e., V 7 = sin X cos = sin ju cos 02 ~ sin v cos 6 z where 6 i is the 
angle between the coordinate line yi and the normal wi to the 
coordinate plane yi = const, with similar definitions for 62 and 
Hence 

s ~ = sec di; yp = sec $2; Vp = sec S, 

If we have any vector whose components in rectangular Cartesian 
coordinates are Xu -^3 this vector may be 

regarded as either a covariant or contravariant tensor, i.e., 
Xi = X2 = AT®; X3 = and if we denote the resolved 
parts of this vector along the coordinate lines y by (A j,, A j,, A’j,) 
and along the normals of the coordinate planes y by {X„^, An,, 
A„,) we have 

Fi = V/Ti a:,. = Xi, ; Fs = Xi.; F, ^ X,. 

yd) = = X„, sec di-, y® = Xn, sec Bf, F® = X„, sec Bi 
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B««ee (Fb Ft, F^ are tlie re»cM parts of the vectw along the 
tloMe eooidiBate lines whilst (F<^, F®, F®) are the componsab 
of the yeetor along these same directions. The tensors Yr and 
F aie ref^cocal with respect to the differential form (ds)*, i.©., 

y, = yen + ,ya + ^yw, etc. 

JDet ns now <v»«d<W tl» contravariant tensor whose components 

an 

yco s piy®; F® = pjF®; F® = P,F® 


when pb pt> Ps one scalar or invariant numbers; we find for the 
ooB^pments in the rectangular coordinate system x 


I® 






yco^5^_|_ yo)?E^^ 
dj>® dy® 


= p, f JO) + X® ^ + Z® — • 

3x<«^ 3*®^ aa:®yay® 


etc. 


car 


where 




(s umbral) 




Now is a contravariant tensor andf^, is a covariant tensor 
dy^^> dx^*^ 

if we regard the y's as fixed and consider merely transformations 

on the x's so that p/, being the sum of three mixed tensors, is 

actually, as the notation implies, a mixed tensor of rank twe. 

It w*as in this geometrical w^ay that Voigt introduced the idea 

which he called a tensor. The mixed tensor ps'' is completely 

specified by the three directions y and the scalar numbers pi, P2, 

pj. If the mixed tensor is to be symmetric for every choice of 

Pi, P2, p3 we must have 

^ 

These equations lead to the conclusion that the “ axes ” y of 
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tbe tensor are mutually at right an^ and so such a t^iaor ms 
called symmetric. 

In order to study the behavior of the vector Z as Z changes 
direction, kee^g its magnitude unaltered, we may solve the 
equations for Z and obtain 

Z*' = x/ Z* mohral) 

where from the geometrical construction x/ is a mixed tei^or 
with the same axes as p/ but 


so that 


^ 1 ' , etc*. 

Pi 

r = 

pidy^^^dz^‘^ 


Then squaring and adding the equations for Z’’ we find that Z 
traces an ellipsoid, called the first tensor ellipsoid. 

For a sjTnmetric tensor the directions y are orthogonal so 
that Fi = FS etc. A simple example of a symmetric tensor is 
furnished by the uniform stretching of a medium along three 
mutually perpendicular directions successively. It was from 
this example that Voigt originally took the name “ Tensor.” 
Reference may be made to any treatise on the Theory of Elas- 
ticity for an amplification of the remarks of this paragraph. 


5. General Form of Green’s Fundjimental T.FAfvr* 

Starting with any invariant function of position 
we have seen how to form its covariant tensor gradient 


Xr 


dv 


(r = 1 . . . n) 


the square of whose magnitude is the first differential parameter 
of F 


AiF = 


dV 


dV 

dx^‘^ 
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Nw Hm mxmd dfrectam ieosOT to F(a:® • • • = const. Has 

Qtas^poiiaitB wHose iatk» are 


^bral) 


tHe augmtades ol these being found on division through 
tbe poaHne square root oi AiF. Hence the resolved part 
fife eOTuiaiit tensor gra<H^ along the ntsmal is 




(a, i uinl»al) 


and dm k v •iAiF* Hus we shall call the normal demative 

dV 

of V and deaaote by the tgmbol^ • The resolved part of the 


dn 


pac&Dt akog any diredum I is 


pr) 


dV 

da;W 


(r tunbral) 


dV 


This we denote by -rr and call the directional derivative of V 
ol 

alo 0 g the direction L The angle 6 between n and I is given by 
^ (r, j, < umbral) 


cos fi = = 


1 




dx^*^ 
dV 1 


ev 


Hence 


Va^ 5iW VaIf dl 
dV dV ^ 


showing that the maximum directional derivative is that along 
the normal. (In general, if we say that any co variant tensor Xr 
has a direction specified by the reciprocal contravariant tensor 

X* = ff^'Xr (r umbral) 

* If we define the direction ** of any covariant tensor of rank one as 
that of its reciprocal contravariant tensor we may say that the gradient of 
any invariant fimction of position haa a direction normal to it. 
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tlbe lesolved part of XrabngaaydiiedioQfisl^linidaetflf tib 
ffMignita ide of the teosor into the codae ol the betnccB I 
and the direction of the tensor.) 

The contravaxiant tensor reciprocal to the gwdiiarf. ^ V n 




dV 


^eeordin^y, on multiplying each of these expresskos 
ire dmve the n distinct components an altematii]^ eovaciaat 
testsor of rank n — 1 (cf. Ch. 3, § 4) and so we can lonn the 
integral J»-i 

over any spread of n — 1 dimensions given by 

a;(«) = (, = *) 

the symbol (Jr) denoting as before 

, • • • 7^-^^ • • • x^*^) 

^ ^ d(ui • • • «^i) 

The normal contravariant tensor to the spread of n — 1 dimen- 
sions has, as has been shown, components proportional to 

/‘(J*) (r = 1, • • •, n; a umbral) 

the actual magnitudes being found by dividing through by the 
positive square root of 

gimg^‘{J.)g”'KJi) (I, m, s, t umbral) 
= ^*‘(J»)(J<) (*i * umbral) 

Hence <7"(J.)^ = product of ^g‘V,){Jt)hy t^e direc- 


tional derivative V normal to the spread Fn_i over which /n-i 
is being extended. Hence we may wTite 

T _ /.3F 

/n— 1 — J dr jv_i 
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vl«« by we niean tl» invariant ^giTKJmXJt) dui • . . 
^ I <Hiat tbis is invariant foBows from rule (d) since Vf (/,) 
is a oovariant taosi* <rf rank one (cf. Ck. 3, § 7).) 

App^fiag Stokes’ Lemma to In~i we have 

= SAiV-dV^ 


wfaese the integrid J*_i fa extended over any V^-i which fa dosed 
•ad the iate^rd I« on the right fa extended over any region ol 
agues F, boimded by Here 


A,F = 



•ad dVn fa the invariant dg . . . a;W). 


dV 


If, instead of the contravariant tensor Z’’ = o” — r-r , we start 

ax'-’’ 


out with 




dV 

dx‘ 


where 17 is an invariant function of position we finH 


On interchanging the functions Z7, V and subtracting we have 


f(^S- 

which is the usual form of Green’s Lemma. The previous 
equation may be 'WTitten 


/•rrdF 

on 


= fiUA^V - A{U, V))-dVn 


where A(U, V) is the invariant mixed differential parameter 


A{U, V) ^ gr^ 


dV du 


(r, s umbral) 
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In particular, if the invariant functions U,V are iiWiBaP we 
have 


J'U' 


dJJ 

dn 


■dV^x 


SmiV - AxJ7).(iF, 


lie last identity is the basis of various umqaetuaa theoceios of 

dU 

Theoiretical Physics, If we know the vaines <rf U OTr- ow a 

dn 

dosed F»-i as well as the values of AiU throughout the regioii 
bounded by the function U is unique, save poe^t^ to an 
unimportant additive constant. For, applying the last identity 
to the function IF = CT’i — ZJ* where Ui and Ut saiMy the above 
conditions, we have 

fAiW-dVn = 0 
Now under the hypothesis that 


is a definite form we see that AiIF is one signed and vanishes only 
dW 

when all;--p:are zero. Hence since J^AJV-dVn = 0 we must 
dW 

have — TT = 0 throughout the region of integration (r = 1 • • • n). 
Therefore, IF is a constant and if the values of U are assigned 
IF= Ui-U2 = 0 


on the boundary and so IF = 0 or I7i = U^- 
The whole argument depends on the definiteness of {dsf. 
Suppose we wdsh to apply the theorem to solutions of the wave 
eqvMion 

dx^ dy^ dz^ cr df 

Here w^e have 

= (dxy + (dy)^ + (dz)^ - (?{diY 



72 


VECTOR ANALYSIS AND RELATIVITY 


and so 



-f- 

e^Kdt 


and the theorem cannot be applied since AiV can vanish without 
implying the vanishing of all the derivatives. 


6. Application to Maxvvell’s Equa,tions 
One of the most interesting applications of the algebra of 
tensors is the discussion of Maxwell’s Electromagnetic Equa1i(His. 
These consist of two sets, which in the symbols of restricted 
vector analysis and the units employed by Heaviside are 

(a) — + curl H = j; div Z> = p 

C ut 

(5) -j- curl E = 0; div B = 0 

c dt 

D is the electric displacement, H the magnetic force, and j the 
current vector; B is the magnetic induction, E the electric force 
and p is the volume density of electrification. We take n = 4 
and as coordinates, in the above form, 

a;0) = x; ^ y, = z; = t 

If we assume that 

-^23 ^ Bxl <^31 “ Byl ^12 ~ ~ cEx] ~ 

= cEf 


are the six distinct components of an alternating covariant tensor 
of rank two, the four equations (b) express that 



_ dXi2 J 

, 5 X 23 

, dXsi ^ 


+ 

dB^ 

B , dB^ 

1 = Aiv B 

=: n 

-A 123 

dz"^ 

^ dx 

+ dy ■ 

dz 

dz 

dy 

ULi Y U 

— w. 


— ^-^12 

1 dXju 


^dB, 

+ 

c( 

dEy ^ 

dEA 

= 0, 

-A 124 

dt 

^ dz 

dy 

dt 


dx 

9y) 


= azi3^ 

, dZ,4 

, dZ4i _ 

= 

+ 

cm 


= 0, 

dt 

dx 

dz ~ 


dt 

\ dx 

dz J 


Y 

n 

CO 

1 ! 

1 5 X 34 

II 

1 

H 

- ^Ex 

+ 

c( 

dEf 

dEA 

= 0 

■A 234 

dt 

dy 

dz 

” "aT 


dy 

dz J 
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U other words the integral 

S fBJ(y, z) + B^(z, z) + y) + cE^(z, f) 

+ i) 4 - iMJK^ ^ 

is the integral (rf an exact diflferential— 4ts value when extended 
over any dosed spread Vt is identically zero. Hence its value 
^fhen extended over any open spread Fa can be exfMressed as a 
fine int^ral J^Xrdz^^^ round its boundary. Chi writing 

we have 

/a = /i = J^ic<t>di — AJLy — — A,dz) 

and an application of Stokes^ Lemma tells us that 
Y ^ ^Xr _ dX, 

or 


T> 


dXt 

dXi , 

_ dAt 

dAf ^ 



— ^23 — 


dx® ’ 

dy 



By 

_ dAx _ 

dAx 

; B. 


dAx. 



dz 

dz 


dx 

dy ’ 


cEx 

= Xl 4 = 

dXi 

dXj . 
3x® 

dAx 

dt 

d<j> 

‘'dx’ 


cEu 

= 

f-C 

d<f> _ 

cEi = - 

_dA._ 

d(j> 


dt 


dy’ 


dt 

dz 


The covariant tensor of the first rank Ay^ Az, — c<f>) is the 
electromagnetic covariant tensor potential '' of which the 
first three components form Maxwell’s vector potential, <t> being 
his scalar potential. 

Similarly, if we assume that (— Dx, — Dy, — Z)*, cHx, cHy, cHg) 
^ the six distinct functions of an alternating covariant tensor 
Xrz of rank two the equations (a) say that 

-^2S4 = cjxl <^314 ~ ^jyl *^124 ~ ^jz] -^123 P 
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and ve have It = It where 

It — J'eHidlx, t) + t) + cHJi{z, t) — Dxd(y, z) 

— Dyd(z, x) — D^(x, y). 

It s f<^(y, 2, <) + X, t) + eidix, y, t) - pd{x, y, z) 

It hdng tafesn over any closed spread Vt of two dimensions and 
h h^ taken over the open Vt bounded by Vt. According 
(kimj*,- f>h) are the four distinct functions of an alternating 

tffljscHT <rf rank three and so, on writing c(Zi) s Xttty etc. 

Vj 

f(»m a contravariant tensor of rank one (Ch. 3, § 7). JVom its 
definition we know that its divergence is zero. This tensor we 
may call the current contravariant tensor and write 


c^ = 4; ••• 

yff c-^g 

x^t us now apply these methods to the problem of writing 
Maxwell’s equations in a form suitable for work with curvilinear 
coordinates y<«, y®, yO) in space of thi-ee dimensions— the time t 
not entering into the transformation. The equations connecting 
the X and y coordinates are of the type 

a:® = y®, y®); x® = a:®(y(‘>, y®, y®); 

a:® = a:®>(y®, y®, y®); x® = y® = t 

and denoting tensor components in the new coordinate system 
by primes we have 


{I^iY — = Dtt 


d(a:®, a:®) _ 

a(y® y(3))+^31 


d(a;<«, a:(») 
d(y®, y®) 


+ Di2 


d(x®, a;®) 

d(y®, y®) 


the terms in Hi, Hi, Ht vanishing since 


da:® „ aa:® 
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,«v- m '1 + fg .1 1 IB'S 

(Hi) - (Hi) + (H*) + (Hi) 

_ ,ttn 5»<« , I /TTN^a^ 


3(*®, a^) 


the terms in (Hi) (Hj) (Hj) vanishing ance 
Sx® _ _ 3x® _ . 


Hence in the three-dimensional space mth coordinate ^ysteoas 
(x®, X®, x®^) dnd (y®, y®, y®) the variable t fadng regarded 
merely as a parameter which does not enter into 

(dsf = = /ridy®dy^*’ (r, a = 1, 2, 3) 


the three quantities (Hi) (Hi) (Hs) are the three distinct members 
of an alternating covariant tensor of rank two. Hence s Z’’ 


IS a 


is a contravariant tensor of rank one; similarly 

yg _ 

contravariant tensor of rank one whilst Er = Xr and Hr = Xr 
are covariant tensors of rank one. We derive by our rule (d) 
of composition the invariants 


{ED) . {EB) . {HD) ^ {HB) 


where as in the usual vector notation 


{ED) = EiD\ + E2D2 + EzDz 


and similarly for the others. 

Dividing Maxwell’s equations, as usually v-Titten, across by 
we obtain 

_l|.Z^ + 4=curb(H) = C' (r=l,2,3) 
cdt ^|g 

(where C’’ = -^is the contravariant current vector). 

Vy 
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div = p 

^riMce p is the invtmant charge density and similarly from ^ 
second set 

+ -il' + 4=cvrlr(i;)==0 
eat yg _ 

div X*- = 0 


I>raMrfing, then, as usual resolved parts along the coordinate lines 
hy snbscripts (li, hi h) and along the normals to the coordinate 
soi&oes by the subscripts (»i, Wj, »s) we have the three equations 

- ; j) - 

— - ( VAi ffi.)- ^i.) 1“ 

He equation div X' = p becomes 


v? 




(by Dm is meant the resolved part of the contravariant tensor 
Z?/Vj along the direction ni). 

The equations (6) are similar and are simplified by the fact 
that there C«„ 0^, 0^, P are all zero.* 


• When the coordinatea y are orthogonal 

(&)* - 1 ^ ^ 

f « ~ Maxwell's equations become since ni == h, etc, 

- ^ (^) - ^ (^•) } = C„ 

and two simflar equations together with 

{ e^, (Si) + + 3^ (&,) } 

Ct. RiemarairWeber, Die Pariiellen DifferenUalgleichungen der Mathemat- 
iechen Phynk, Bd. 2, p. 312 (Vieweg & Sohn) (1919). 
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Example 

in space polar coordinates Maxwell’s equations are 

- ^ I®' + 4 w 1 - 

^ { I (. sin «2),) + 1 sin W,) + ± (rD .) } - , 

It is particularly to be noticed that Maxwell’s Equations are 
essentially of a non-metrical character. No real simplification 
is introduced by the hypothesis that the fundamental space is 
of the ordinary Euclidean character. Another point to whidi 
attention should be directed is the difference in character of the 
tensors B and H ot of D and E. A relation of the familiar type 

nH 

H, the coeflScient of permeability, being supposed invariant is 
not the proper mode of statement of a physical law if we under- 
stand by Bi, B^j Bz the three components of the tensor B. The 
true statement of the law is 

where by {B)i we mean the resolved part of the contra variant 
tensor (B)/V^ along the direction I and by (H)i we mean the 
resolved part of the co variant tensor H along the same direction. 
Thus any constitutive equation of this type Is an allowable state- 
ment of a physical law not because it is a tensor equation (since 
it is not such), but because it is an equality betw^een invariant 
magnitudes or a scalar equation. The true tensor equation is 
found by equating the covariant tensor iiH to the covariant 
tensor reciprocal to the contra variant tensor 



CHAPTER V 


1* CkKiniBcrTOK of Tbkbob Algebea with Integbal Inva- 
eiahts akd Application to the Statement of 
Faeabay's Law op Moving Ciecitits* 

Bof^poBe for example we have a curve Fi whose equations 

t) (^ = 1 ^ * • ’, n) 

bvolve a parameier r. This curve may be said, adopting the 
language of dynamics, to move and trace out a V2 whose equa- 
tions are those given above, the parameters being u and r. 
Any one of the curves r = constant will then be a position of the 
moving curve. We shall suppose that the values of u serve to 
identify the various points on the moving curve; thus if u 
denotes the distance along the initial position of ^e moving 
curve from a certain fixed point, or origin, the curves Vi obtained 
by taking u = constant {v^) in the equations 

r) (5 = 1 , • • •, n) 

are the path curves of the definite point on the curve Vi which 
initially was at the distance uq from the origin on l^i. It will 
fix our ideas to£onsider Vi as made up of particles of a fluid; 
then the curves Fi are the paths of the various material particles 
of Fi. It is well to insist, at the outset, on the point that the 
parameters u and r are independent. Thus if the moving curve 
Vi were rigid, u could be taken as the arc distance along Vi at 

An elementary presentation of the theory of Integral Invariants is given 
by Goursat, E., in two papers: 

(а) Sur les mvariants int6graux. Journal de Mathematiques, 6® s^ne, 
t. IV (1908), p. 331. 

(б) Sur quelques points de la th6one des invariants intdgraux. Journal de 
mathematiques, 7« s^rie, t. 1 (1915), p, 241. 
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pay tiine r; if, however, as in the case of the curve up of 
mitterial fltdd particles, Fi is not rigid, n may only be as 
the initial identifying arc distance; otherwise u would vary with 
r. Let us now consider an int^ral Ii ^ cxtowied 

over Vi ^ud ask the conditions that Ji should be the for 
all the curves Fi, i.e., that 7i should not vary with r. If this is 
so, Ii is said to be an integral invariani. 

Now h is in general a function of r defined by 

7i(r) = J aiabtal) 


the limits Uq and u' being, however, since u and r are independent, 
quite independent of r. Hence 


dh 

dr 



The coelEcients Xt are functions of position and therefore involve 
T indirectly; it is somewhat more general to contemplate the 
possibility that they may involve r, not only in this indirect 
manner but also directly. Then for any one of the coeflicients 
Xr we have 

d y _ (dXr , dXr 
dr " \dT dr) 


It is now convenient to denote the contravariant tensor of rank 

one r bv the symbol Z*" and to use the result 

or 


dr du 


d 

du dr 


du dx^^'^ du 


{s umbral) 


and we have 


dr 


f 




'dXrd_^ 
dr du 


X, 


d dx^""^ 
dr du 


) 


du 


IV^T ^ dx<*7 du ^ ' 


9 Jtr) gj-C.) 

du 


(r umbral) 


du 

(r, s umbral) 
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, y,9Xr , y 

(on modifying suitably the umbral symbob) 


HieDoe is to vanish identically for all curves Vi we must 

have 


OX, , y.ax, , y axw_ 


(r= 1, 


n, s umbral). 


SoaaetiBies it is only necessary that Ii should be unchanged for 
an efeaMi cmves Vi; in this case Ji is said to be a relative int^^ral 
iavaziaat. To find the conditions for this we use Stokes* Lenmoa 
to replace the Ji over a dosed curve by an 7* over an open F* 
and toen find the conditions that h should be an (absolute) 
intend invariant. 

Ihe analy^ necessary to find the conditions that an 


7, s/X^...^d(*c«>.. •*(•»>) 

extended over a Vp (moving) whose equations axe 

3.(0 s Up, t) (s = 1 ••• n) 

shoiild be an absolute invariant is identical with that given for 
the simplest case p = 1. Let us write as before 


dr 

and denote by the symbol F the derivative 


V(.) 

dr dr 


(s umbral) 


where F is any function of position which may also involve r 
explicitly. Then 

^ wT ^ (^i< ^ 2 < * • • umbral) 
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ffiwe tbe limits of integration with respect to the -variables » aie 
Independent of r. This we -write 



and availing oursdves of the relation 

dr dur dur dxf^ da. 


we arrive at the conditions e:q>ressed in the farm 

+ ^ ® umbral) 


An especially simple case is that in which p = 
a sin^e condition 


-^l—n + 



n. 


Here there is 
(r umbral) 


Since Xi...n is the single distinct member of an alternating co- 
variant tensor of rank n 

Xi...n =^JgU 


where U is an invariant function of position and writing out 


X 


l«»*n 


dr 


f Z* 


3Xi...n 


our condition that J'U^dVn should be an integral invariant may 
be written in the form 

or on dividing out by -yjg, which does not involve r explicitly, 
dlJ 

- — h div {UX^'^^) w’here as usual the divergence of the contra- 
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variant tenaw of rank one UX* is the invariant 


1 a 


(^lg XJX% 


In ftmn the invariance of the condition for an integr^ 
invariant is apparent. If we are considering a moving charged 
material body where p is the density of charge, the idol clw§e 
renaimtig oonskmt gives us that 


div (pZ«) = 0 

whew X^^ k the oontravariant velocity tensor of rank one. 

Faradag’t Law for a Mooing Circuit. 

We have seen that 

w> - y {*^'+ + z.gj } 

the integral in each case being taken over the position of the 
moving curve at time r. The expressions 

dXr, y,dXr , y 5Z'*> . , ,, 

X + Z, (r 1, • • •, n, s umbral) 


must accordingly form a covariant tensor of rank one. In fact 
we may Tsrite this as 


Y* 


i + ^ fZ Z^*^ 1 


when the covariant character is apparent by rule (d), Ch. 2, § 4, 
since 


^ = r 

dxi‘> dz<-^> 


is covariant of rank two and is invariant. 

Let us now write down the expression for dl^ldr where Jj is 
any surface integral and transform the coefficients as above so 
as to make evident their tensor character. 
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Writiiig 
ire get 


It = *<•)) 

^=yZ^(a:fr),j<*)) 


vb»e 


X 


rz — 


dX„ 

dr 


X* 


dXr. 


8 a:(*> 


f 


8Z* . _ dX^ 

”* 8 ?^ 


the integrals being in each case extended over the podthna of the 
moving spread or siudace F* at time t. We may write 

dXrt I irfft f ^Xn | 8Ztt , 8Zir ] 

^"--S7+^ tw^> + WS + 3j5l[ 

where we have availed ourselves ^ the alternating character of 
Xtz- The covariant character of Xtz then follows from rule {i). 
We shall apply this result to the surface integral 

n = 3 

so that (Di), (D2), (D^) are the three distinct members of an 
alternating covariant tensor of rank two. Hence = (Dr) 
is a contra variant tensor of rank one. The covaijant tensor of 
rank one whose curl appears in the expression for is 

XrmX^ {m umbral) 

so that its first component is 

= 

It accordingly appears as that derived from the outer product 
of the velocity contra variant tensor and the displacement contra- 
variant tensor. 
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Hw exfxmkm 

dJTn 1 d^tt I d^tr i~ j. Y\( y 

H now we amtm as Maxwell’s equations for the moving material 
naedhum 

~ (D) = c curl ff — ( j); div D' = p 

Oi 

where (j) is the alternating covariant current tensor of rank two, 
80 that (i)/y? is the contravariant current tensor of rank one O', 
we have f<n: X„ the equations 

?« = V5 p + { Vj(X<»D> - XiB>) 

etc. 

Using Stokes’ Lemma to transform the surface integral of the 
part in face brackets into a line integral as well as that involving 
curi H in dD^’'ydt we find 

j^fDndS = flcHi - - X^D^)]dx, 

+ {cH, - - X^I}^)}dx^ 

+ {effs - - X^D^)]dx, 

+ SUgi.pX'' — 0 )d{x‘, a:')] 

The integrand in the surface integral on the right is found by 
writing r, s, t in cyclic order and summing the terms corresponding 
to r = 1, 2, 3 respectively. (The line integral is to be taken over 
the boundary of the moving surface.) The contravariant tensor 
pA'W is called the convection current. In exactly the same way 
we obtain, on making a similar assumption as to what Maxwell’s 
equations should be for moving media, 

- + -dgiX^B^ - X^B-^)\dx^ 

+ { c £2 + - X^B^)]dxi 

+ {cils + -dgiX^B^ - X^B^)]dx3 
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tliere bdng now, however, no surface int^ral on the ric^iirhaad 
ade. Accordingly the covariant tensor 

Er + l - Z<‘)jB(‘>) (r = 1, 2, 3; r, a, i eycfie) 

is taten as the effective electric intensity along the movii^ eanre; 
its line integral being called the effective dbctroiiiotive fovee 
the curve, is the contravariant vefocity tensor.) 

On multiplication by charge this tensOT gives the mechamoalform 
taisor, 

Esxxm'ple. In space polar coordinates the mechanical fetce 
tensor per element of length on a moving curve with linear density 
<ris 

I JBr +- r® sin B(peB^ — v^i) 3 -- ^— 1 (rds 
[ c r sm j 

* rE0 ri* “ sin 6 {v^r — —z I (rds 

c rsmff j 

• r sin dEs + - sin OivrBe — VeBr) - | (rds 

c r J 

where Er, Br, Vr are the resolved parts of E, B, X along the direc- 
tion r and so on. To get the resolved parts of the mechanical 
force along the three coordinate directions multiply these by 1, 

— J — respectively and we obtain the well-known formula 
f r sm ^ 

F = £+-[r£] 
c 

In the general case when the coordinates yi, yzi yz are not orthog- 
onal the three resolved parts of the mechanical intensity (covar- 
iant) tensor along the coordinate lines yi, yi, yz respectively are 

Fi, = El , - Vn,B„J, etc., 
c ^ Jii 

where v^ Vn^ Vn^ denote the resolved parts of the velocity along 
the normals to the coordinate surfaces 2/1 = const., yi = const.. 
yz = const., respectively. 



CHAPTER VI 

1, Tm Tkhbob oe Absolute Differential Calculus 

Siace the Calculi^ <rf Variations deals with properties of curves 
mi surfaces without making any particular reference to the 
coortfiaates used in describing the curves there must be 
a relationship between that subject and that which we 
are dbcussing. It is this absolute or tensor character of the 
ealcuhis variations that has urged writers on Theoretical 
Physics to express the laws of physics, as far as possible, in the 
language o! the Calculus of Variations. However, this subject 
has been placed on a clear and firm basis only within the past few 
decades and so it may be well to discuss one of its simpler prob- 
lems — ^the more so as the solution of this problem is involved in 
the statement of Einstein's fundamental law of Inertia in the 
Theory of Relativity. 

Let us consider a curve Vi, in space Sn of n dimensions, given 
by the equations 

(5 = 1 • • • n) 

and in connection with this curve a function, not merely of 
position, but of the coordinates x and their derivatives 

du 

The integral h over the curve T^i where 
U = 

has a value depending on the curve Vi as well as on the particular 
function. The problem we wdsh to discuss is: What, if any, are 
the curves Vi making, for a given function F, h a minimum, all 
the curves Ti being supposed to have the same end points. 
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1V> answer this question we (»nsider a new emre Ki(a) gben Igr 
^be equations 

i<‘> = !<•)(«, a) (« » 1 .. . n) 


irfaere a is quite independent of tt. We soj^xee tins {Mzaraefer 
a to be such that when a = 0, Fi(a) makes h a mhamara. 
Viia) is now completely determined by the equations jist wntten 
when a is given and so /i is a function of (a) whidr may, we mp- 
poee, be expanded by Taylor’s Theorem in the focm 


1(a) = 1(0) + a 
This is written 


7(c.) = 7(0) + 5I + 5*I+.*. 


+ - 


and S7 is called the first variation, of the irUegral. If 7(0) is to be 
a minimum it is necessary (although not always suflBcient) that 
57 = 0 for otherwise A7 ^ 1(a) — 7(0) would change sign with 
a when a is sufficiently small. Now the limits of the integral 
for 7i are fixed and so to find dljda we have merely to differen- 
tiate the integrand F with respect to a, F involves a, not 
directly, but indirectly through the coordinates x and their 
derivatives x\ 


Thus 


^ ^ ^ BF 

da da dz^*^' 


(s umbral) 


and therefore 

^ = r (IL ^ + IL. du 


Now 

d^ = ^ 

da dadu du da 


so that, on integration by parts, 
r' ^ ^_^du = 


Juo da 


d dF 
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mA points <rf the curve are fixed, dx^^^da = 0 at the 
of integration and so the btegrated part vanishes and, 
eofiectiBg tanas, we have 


di r' 

aa”J„ 3«aa:«'j dtt 


(s umbra!) 


fffiA is to be »ao for <M poseS)le varied curves F(a) it is 
\da/«p« 

avidBartily sufficient said can be sho wn to be necessary that all the 

^ 

(»»i, •••,»). 

These it a-rpTPagwww are the components of a covariant tensor 
of one where now, however, the term is used in a wider 
seaiae than hitherto. F is now not merely a function of the 
coordinates x but of thrir derivatives x'. From 





we have 








dy^^ 

so that 




dF _ 

dF dx<-^y 


dy^-y 



dF ax»> 

aj.(r)'5y<*> 


(f umbral) 


(r umbral) 


showing that 


dF 


Zr is a covariant tensor of rank one. 


Suppose we wish to find the geodesics of our metrical space 5n. 
These are the curves for which the first variation of the length 
integral is zero. 




the gi» being functions of position. We shall find it convenient 
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to take as i>arametor « the arc distaoce * afes^ tite 8oii^jb>&r 
geodesic.* llien when we pot a = 0 after tiie ^ferattiafaMs 
f=l, from the definition of arc distance a, and we haw 

so that ZW s (i») is tibe 

unit contravariant direction tensca^ aknig the so^fat^ pwAimiff 
Also 




and our equations are 

-„»»<-> +i-gSi' 

or 

„,*m I *(rU(m) (^9tm 1 dffrwN ^ q 

+x X 2dx^y~ 

(r, m umbral; i = 1 • • • n) 

Multiply through by and use t as an umbral symbol so as to 
obtain the n components of a contravariant tensor of rank one 

+ = 0 {r.m,< umbral) 

It is now convenient to introduce the Christoffel three-index 
symbols of the first and second kinds defined as follows: 

(o) [r«, t] = [sr, t] = - 1^^) + ^ 

(6) {rs, t} s (sr, <} = g*^lrs, p] 

* However, this rules out those minimal geodesics along which s is constant 



m 
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EqostMNJS (a) give 
Hie& «e may write 


§i,{n, <} s gt^**[rs, p] 

= I», q] 


2dx^V 


m m] + [m, t] — ^[rt, m] — 

s m] + [na, — JM, r]] 

s t] 


(t, p umted) 


(r, m umbral) 
ipm, r]] 


siaoe an intaxjliange of the umbral symbols r, m in the last 
three-index symbol leaves the summation unaltered. 

Ao(x»dmgJy, on using the definition (6), the differential equa- 
tions of the geodesics are 

+ {rm, p]dfx”* =0 (2) = 1 * • • n) 

From their derivation we know that these equations are contra- 
variant of rank one. We proceed now to obtain a general rule 
which makes the tensor character of equations of this type 
apparent on inspection. 


2. The Formula for Covariant Differentiation 
From the covariant character of the grs we have 

^ umbral) 

3y“> ay‘*> dy'‘‘^ \dy^'^dy^o Qyi>) 

+ umbral) 

where in the differentiation we have remembered that gim is a 
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function of the y’s only indirectly thr<HJ|^ the z'a. We e«% 
obtam two other similar equations by merely 
(r, t) and («, <) in turn. We are eai^ to so dktiibiite the 
umlntil symbols I, m, n as to facilitate coml^tion of the tinee 
equations obt^ed in this way. Thus 


aa:W5yWay<*) ay(0 

j ea:»\ 

Now adding the first two of the equations and subtracting the 
third we have, on writing 




Now 


dy^*^ 


9lm — fpq 


ay(r)52^«)ay(.) 

[/, m, n umbral] 


dy^p^ dy^^^ 


from its covariant character (p, q umbral) 

_ . ay(p> 

To remove the coefficient of 7 ,^ multiply across by/*^ 


and make s and k umbral when we get 

min , d-x^^ 

S77r> = 9^’lln, m] — 




^ ' ay(r)^y(o 

from the relation (contravariant) 


gmj y«fc 




(s, k umbral) 
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Haafiy 

*”' * dyw * 


fpom wiiidi m mtardianging the r61e of the x and y coordinates 
nefakve 


ay^ 


= Ki) 


dyO) 

da:(« 


(In 

* da:«di<‘) 


Sqpiwee now we have a covariant tensor of rank one X, so tK ^t 

5^* = (r umlwal) 


dF._ 


Xr 






dy^ dy^*^ dy^*^ 

= X l(/rf - dm -)5a:<oaa:<’">l , dX, da:(»>> da:« 

r ^Xr Y I T ,~I aa:^’‘^da:^*’> 

|_da:(J-) 

on altering suitably the umbral symbols Im to rp. These 
equations state that 

1^,- X,{,p,i] - Xr, 




is a covariant tensor of rank two. Consider now a contravariant 
tensor of rank one so that 


Then 



(r umbral) 


^dXWdx^p’dy^*) dV’ dx<-f’^ 
dy<‘> dr'”* dy^‘^ dr^ ^ dr^d^ip) d^ ^ 

^ ^ ^ dx<'» r dy (•> 

df<p) dy(‘) drW ^ dy“> 


— {Im, «} 


f dy^*^ dy^™^ 

d^dx^ 
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Tbeae equations state that 

az« , 


X‘{ip, r] = Xi 


b a mixed tensor of rank two. 

These tensors of rank two are called tl^ eomtnmt daritalim 
the covariant and contravariant tensors Xt aiKi X^ ns^edMtj. 
Smilar analysis can be carried out to obtain the eovaziBiit 
derivative of a tensor of any rank and character. To malm this 
perfectly clear let us take the case of a mixed tensor Z/ of rank 
two: 


vr= w 

• * aywax(p) 

I Y,r dyw ■ ax<«> ayw axto i 

* dy^*^ dx^^^dx^^ dy^‘^ J 
_ 3Z,’’ dx^‘^ dx^^^ dy^'^ 

dx^‘^ dy^‘^ dy^'^ dx^^^ 


r^)f 
Lar(p) 1 
aa;(«>aa:® f 


+ Z/ 


{5t, k} 


,dx<-^^ 


dy^^^ 


- [Im, g} 


dx^^ dx^^^ 
^ay<‘> 




whence 


ay/ 

dy^*^ 


- y/i^t, ky + Y.^ikt, t}' 


az/ 

ar“> 


- Z*»>{9Z, k] + X,^[kl, Pi 


dy^^'> ax^®*az**^ 
dx^^^ dy^‘^ dy^‘^ 


expressing that 


az/ 

ax(« 


Xk^{ql, k\ + Xy‘{kl, p} is a mixed 


tensor of rank three being covariant of rank two and contra- 
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Tvnaut of rank oiw. In general, tlie covariant derivative of 

i} k] 

+ x^-{h,ri] + • • • + Z5::;2r‘*{ib,r«} 




It wiB be noticed that + signs go with the contravariant symbols 
and negative with the co^^uiant. Also the new label s is always 
sectHHl In the three-index symbols; the umbral label is first if 
taken fmax the contravariant and third if taken from the co- 
variant indices. 


3. Aipucations of the Rule of Covariaiiit DiFFEKENnAnoN 


(a) Bi«mann’$ fowr-index syniboU and Einstein’s Gravitational 

Tensor 

¥t<m any covariant tensor Xr we obtain as its covariant 
derivative 

Xt, = 1^) — Xk{rs, k] (k umbral) 

•« and as its second covariant derivative 


Zi{rs,fc}J Xp,{rt,p] Zrp{s<,p} 

V ^ f 7 ) ( 7 ) 

r) Y 

- (rt, p} + XkipSyk 1 {rt, pj 

+ Zilrp, p} 


From this by the elementary rule (6), Ch. 2, § 2, of tensor 
algebra we derive a new covariant tensor Z„j = Xru and the 
difference of these is a covariant tensor of rank 3 by rule (a), 
Ch. 2, § 1 ; i.e., 
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“ ds^ ^ 

- {f^i|{t»,p|j 

the terms involving the derivatives of ihd Xr cancdQii^ eoi^ 
idetely out. Now Xh is an arhiirary covariant t^isor of laiik 
one and so by the rule (e), Ch. 2, § 5 — the converse the nde 
(d) of composition — 

^ *^1 ““ ^ "" {2^> P\ 

is a mixed tensor of rank four of the type indicated by the 
positions of the labels. 

If we write k = t and use t as an mnbral symbol we deri'V'C by 
nde (d) Einstein's gravitational covariant tensor of rank two 

The mixed tensor Xrat^ is usually denoted by the symbol {rk, is] 
and is known as the Riemann four-index symbol of the second 
kind. From it we obtain by the rule of composition the co- 
variant tensor of rank four 

[rh - QjkXrst^ = 9jk{rk, ts] {k umbral) 

which is know^n as the Riemann four-index symbol of the first 
kind. From Einstein’s tensor of rank two we obtain the in- 
variant 

G = /*Gr8 (r, 8 umbral) 

which has been called the Gaussian or total curvature of the space. 
This name is given since G is regarded as a generalization of the 
expression given by Gauss for the curvature of a surface i,i.e., 
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s m 2). The term curvature is widely used in the literature of 
Bdativity and so it may be well, in order to avoid a possible 
of Mfeas on the subject, to discuss briefly what » 
pwwin* by the curvature of a metrical space. To do this it is 
nooeesary to say a few words about the four^index symbols. 

We have, by definition, 

{?**> {2»> *} 

+ {vr, t} {<», k} - {pa, t} (fr, i} j 


BecaOing that 


we have 


tpr, q] = g,i{pr, k} 




from definition of [ga, *] so that on operating similarly with 
{pa, it} and writing g,k{ts,k} = [<a, g] we find 

Ip?' "1 - IP’"' “ a^) I^^’ ~ 

+ {pa, A:}[gr, i] 

(the terms {pr, <}{<a, g] and — {pr, /<:}{i:a, g] cancel since t and k 
are merely umbral symbols) . Finally, in terms of the three-index 
symbols of the first kind, 

d d 

+ i][?^ - !?'•' i umbral) 

Writing out, in the first two terms of this expression, the values 
of the sjTnbols, e.g., 

r , If d , d 31 

[pr. g] - 2 9 r, + ^ gp, ^^(5) ?prj 
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ve &id 

Ip?, «j — 2 |j5a;<i>)aa:<*) 

9 * 1 

" a ^ a^fr ) ij - [pr, 


f^Kon tbis fonniila it is apparent that 
(a) An interchange of the indices or labels p, 9 mei^chu^ 
the sign of the symbol. 

tP?, «] + [?P, «] s 0 


(t) Similarly 

[pq, r#] + [pg, «r] s 0 


(c) A complete reversal of the order of the labds does not 
alter the symbol [pq, rs] = [sr, pq]. This depends on the sym- 
metry relations 9*’ = 9'*. 

(d) If we keep the first label fixed and permute the othw three 
cyclically we get 3 symbols whose sum is identically zero, i. e., 

[pq, rs] + [pr, ag] + [pa, gr] s 0 


The number of non-vanishing symbols which are linearly distinct 
now follows. If p = g or r = a the symbol vanishes on account 
of (o) and (6). The number of choices for the first pair (p, g) is 

th = 2 — ~ similarly for the second pair (r, s). However 


relation (c) shows us that we do not get symbols by combining 
the two choices but 


n2^ — ^^(712 — 1 ) = in2{n2 + 1 ) 


The relation (d) will still further reduce the number of linearly 
distinct symbols. When the indices or labels p, q, r, s have 
numerical values which are not all distinct the relation (d) merely 
reduces to a combination of the relations (a), (6), (c). There are 
therefore n(n — l)(7i — 2 )(n — 3 ) new relations in (d). How- 
ever since there are three letters q, r, s permuted cyclically, each 
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tdbiMM win oociir three Each of the relations (a), (6), (c) 

lodaoes the ninnb^ g which remains m 

haS and so there are 

3 t 4 » »(» — 1)(» — 2)(n — 3) ^ 24 distinct relations (d). 
Time are according hut 

|(n*)(ni + 1) — n4 = 

distinct Eiemann four4ndex symbols. For n = 2 there is out 
one whidi we may write [12, 12]. When we change the coordi- 
nates fjpcnn a; to V we have 

[12, 12h = Ip9, Qym Qyix)Qy(Xi 

(from covariant character) 
Snce there is but one distinct s^Tiibol [pq, r^] it will factor out 
on the right and we get (since there are but four of the sjTnboIs 
which do not vanish) 

[ 12 , 12 ], = [ 12 , 12 ]. 


where J is the Jacobian 


^(2^(l)y(2)) 


We have ahead v seen that 


[12 121 

f ^ gJ^ and on division we obtain the invariant X = ~ - — — • 

9 

It is this invariant which Gauss called the total curvature of the 
space of two dimensions under discussion. 

In order to compare this with the invariant 

g^'^Gra (r, $ umbral; n = 2) 

we have 

Gra = {rt,is] (^ umbral) 

= g^^[rpts] 

Gii = ^^[1221] 

{since if p = 1 or ^ = 1, [IpH] = 0 by relations (a) and (6),) 


- gn[l2, 12] - g 
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goal definition of 

= — ffu-X 

(CSrnilftrly 

~ 12] = ffti’K — — iht’K 

Gn = S“I21, 21] = - gvi K = - ffa-K 

gom relation (c), 

Gm = 5^121, 12] = - 

so that 

^*6n = — Kf*g„ — — 2K 

sboe 

fGr, = — K{f^gri + /*gri] - — 2K (r amfaiaO 


For a space in which, in some particular coordinate sysixm z, 
tl^ coefficients gr„ are constants all the three-jndex symbols 
[pr, «] and in consequence all the symbols {pr, «} and also the 
four-index symbols [pg, rs] and {pg, w} = 0. (hi account of the 
tensor character of these latter symbols we know that the Ek- 
mann tensors [pg, ra] {pg, rs} will be zero no matter what the 
coordinates are. Conversely the vanishing of the tensor [pg, r«] 
expresses the fact that it is possible to find coordinates y such 
that the /« defined by the equations 


_ da:® 

Jr> — 9l^Qy(r) QyM 


{I, m umbral) 


<8>in11 be constants. We may now apply the well-known method 
of reduction of a quadratic expression to a sum of squares (as in 
the determination of normal vibrations in djTiainics where the 
expression for the kinetic energy is reduced to a sum of square 
terms) ; the transformations on the p’s are linear in this operation 
and we finally get 

r=l 

(If we restrict ourselves to real transformations there may be some 
negative squares; thus in the relativity theory there are three — 
and one -|- term.) A space of this character is said to be Euclidean 
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•ad 9’8 die caOed orthogonal Cartesian coordinates. Rie- 
mann Atfitww coTvature by means of his tensor [pq, r»]. When 
tibk fawww t »ni«hft s the curvature of the space is said to be zero 
•0 EmiMdeeat *paee is one cf Zero Riemann Cvrvaitire and 
amerndg. If the ratio at the component [pq, ra] of the curvature 

itmatw to the twoHTOwed determinant is the same for 

1 9«r 9gt 

all values of p, q, r, », Riemann says the space is of constant 
earvatare; otherwise the curvature will be different for different 
orientatkms at a pwnt:* Gauss’ total curvature, on the other 
hand, a numerical value at each point in space and has 
t>ai-h»ng to do with the different orientations at that point. We 
may sum up by saying that a gravitational space is, at points 
free from matter, non-Eudidean, i.e., it has a Riemann curvature 
but its Gaussian curvature is zero. 

It may be well to call attention to the fact that the definition 

• The differential equaticns of the non-minimal geodesics of any space are 


( r J (is ds 


(r = 1, • • n; Ij m mnbral) 


9 being tbe arc length along the geodesic. It is known that the solutions x<’‘> 

of these equations are completely determined by the values of and 

for a particular value of s, a = 0 let us say. This is stated geometrically by 
saying that through any point in space there passes a unique geodesic wdth a 
given direction. If, now, through a definite point we construct the geodesics 
with the distinct directions and respectively (r = 1, • • •, n) and con- 
sider the family of geodesics through the point in question obtained by assign- 
ing to each a direction tensor whose rth component is proportional to 
and then letting the ratio X : n vary, we obtain a geodesic spread 
Vt of two dimensions w^hich at the point in question has the orientation deter- 
mined by the two directions $ and t; through the point. It is the curvature of 
this geodesic Vt that Riemann calls the curvature of the space relative to the 
orientation determined by $ and tj. There is a remarkable theorem due to 
Schur uMath. Auiialen, Bd. 27, p. 563, 1880) which says that if at every 
point the Riemann curvature of space is independent of the orientation the 
curvature at all points is the same. Such a space is, then, properlv called 
a spHce of constant cuivaturc. 
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Eudidean space given above is a “ di&ientaal ” defimiioB; 
sees wMdi are Euclidean accordiiig to this (kfioitMHi do aol 
loessarily satisfy the postulate that one can jsooeed indefimfely 
a ^ven direction without coming back to the starting poioi. 
be simidest example is the well-known one of a cThnder of nmt 
dius. In this case n = 2, = ^, the lon^udinal angfe 

ensured in radians, and s z, the dktance measored paialfel 
► the axes of the cylinder : 

idsf = (d4>y + (dz)* = + ( W 

' the cylinder is cut along a generator and devtioped <m a pbue 
will cover a strip of breadth 2 t on the jdane. If we take 
Krtangular Cartesian axes in the plane, with the aP axis parallel 
) the strip, points whose a:® = <t> differ by 2t correspond to a 
nique point in the strip (that one with the same a:®) and to a 
nique point on the cylinder. Hence there are an infinity of 
traight lines (i.e., geodesics) joining any two points (with 
ifferent z’s) on the cylinder. They develop into the oo i straight 
nes joining the points 

(x®, X®) and (x^'\ a:® + 2nT) (n = ± 1, 2, — ) 

n the plane. It is evident that speculations as to the “ finite- 
less ” or “ infiniteness ” of a space based on its differential 
haracteristics must be regarded with distrust. 



CHAPTER Vn 


1, In this Snal chapter we shall treat in a brief way, as an 
application the preceding analysis, the classical problems of 
B^tivity* As in other apidications of the methods of mathe- 
Bmlacai analyst to problems in physics the first, and here the 
moet serioi:^, difficulty is that of giving a physical significance 
to the ooordiMtes. All systems of coordinates are, without 
doubt, equally valid to the statement of the laws of physics 
init not all are eqxmliy convenient. It is reasonable to suppose 
that for a given observer of phenomena a certain coordinate 
system may have a direct and simple relationship to the measure- 
ments he makes; such a coordinate system is called a natural 
system to that observer. It is necessary to define this natural 
system and to find by experience, or otherwise,* how the natural 
systems of different observers are related. This has been well 
done in the special or Restricted Relativity Theory ’’ but in 
the more general theory, which we propose to discuss here, 
much remains to be done in this part of the subject. In what 
follows we shall consider (a) the problem of determining the 
metrical character of the space-time continuum round a single 
gravitating center and (b) in consequence of the results of (a) 
the nature of the paths of a material particle and of a light ray 
in a gravitational field. We shall, following Einstein, make the 
fundamental assumption that the space which has a physical 
meaning or reality, i.e., with reference to which the laws of 
physics must have the tensor form (cf. Ch. 2, § 1), is one of four 
dimensions (commonly referred to as the Space-Time continuum). 

•The relationship between the different systems may be arrived at by 
making various hypotheses whose truth or falsity must then be tested in the 
li^t of experience. 
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2. The Metbical Space Attached to a Smcus GsAvnAinra 

Centee 


We assume that for an observer attached to the 
center one of the four cocu'dinates, say, of his natnnl siyBiea 
is such that the coefficients gu, gu, gu the quadratic d i fl Cw xi ii aj 
form for (<fe)* vanish identically whilst those lesoui^ ue 
independent of x^*^; is said to be a time coordinate the 
field is said to be statical. According 


(ds)* s gii(dx^^y + 1, 2, 3 amhnl) 


Now in any space of three dimensions we can always find orthog- 
onal coordinate systems; for, writing the metrical (itf ra its 
reciprocal form (ds)* = f^'VrVt, we have merely three equations 
y»-* = 0 (r + s ) — or explicitly 




= 0 


— ^to determine the three unknown functions y of a: so that the 
coordinate curves y may be orthogonal. There is no lack of 
generality, then, in writing (ds)^ for the statical field in the 
orthogonal form 

(ds)^ = giidx^^'^y + g^idx^^'^Y + gzidx^^'^f + g^idx^^Y 

where we have dropped the double labeling as unnecessary". (In 
general it is impossible to find orthogonal coordinates in space of 
jour dimensions since there are now six differential equations 
jn — Q (r =t= 5) for the four unknown functions y and these 
equations are not always consistent.) We must now go through 
the details of evaluating Einstein's gravitational tensor (cf. Ch. 
6 , § 3 ) for an orthogonal space. 

The relations yr« = 0; = 0 if r + ^ make matters com- 

paratively simple. We shall use r, i to denote distinct numer- 
ical values of the labels. Then 
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{m, <} ^ i] = 0 (k umbral) 

(i*, f} « {«r, r} s ^V. *1 ® 

(i being the only umbral label here) 

2grdx’-^> 

aooilarly and 


The Blemann four-index symbol of the second kind (cf. Ch. 6, 
§ 3) is defined by 

[pq, m} s [pr, 95 - ^ 5P*> 95 + ipr, 1} {l^, q} 

— {ps, l\{lr, q] Q umbral) 


and those components vanish identically, for an orthogonal 
coordinate system, where the pq, rs are distinct ; [{pr,l} vanishes 
unless 1 = p or r in which case {Is, q] vanishes]. To evaluate 
the remaining symbols write r = q without, for the present, 
using q as an umbral symbol 

i ^ \ \ ^ 

m> 9«1 2ax‘*> Vjdx *”' ) dx'*) 

^ dgp dgj ^ dg, 8g„ 

Agpg, dx‘*’ ^9a9q dx^^^ dx^'^ 

The formulse from this on take a simpler form if we use the 
symbols H defined by = //r®; thus 

1 d'if, 1 dHp dH, 

' ~ H, dx‘P)dx'^‘j HpII, dx^’> dx‘^) 

1 dH. dH, 
dx“) 
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g^milariy we find 

_ 1 d^E, ■ gp ygp Hp an, dg, 

{pqf SP} - aa^*)* E,‘da^^dsf^ 

1 dHp dHq I Hp f 1 dHp dHq 

, 1 9H^dB,] 

■^jBr.*ax«a3«J 

where r and s are the two labels different from p and f. lbs 
components of the Einstein tensor are now fmind by amwamag 
with respect to q. It will be recalled that r»l = 0 (p, r, » 
any values distinct or not, cf. Ch. 6, § 3). Hence 

{pp, ra} = s'*’*[pfc, r«] s yJ’»’[pp, rs] = 0 (4 mnbtal) 

Similarly {pg, «»} =0, so that in forming Ga, for example, 
we need merely write 

^12- {13.32}+ (14,42} 

whilst 

Gn= {12,21} + {13,31}+ {14,41} 

It will be observed that differentiation with respect to and 
occurs in every term of (pg, ga} and so the absence of the time 
coordinate from the coeflScients makes Gu, Gu, Gu all iden- 
tically zero. 

We shall now make the following hypotheses of symmetry— ip) 
we shall suppose that the coordinate lines x^‘' are geodesics of the 
space (all passing through the gravitating center). The equa- 
tions of the non-singular geodesics have been found to be (Ch. 6, 
§ 1 ) 

^(r) 4 . [im, r}x«i‘’"> = 0 (r = 1 , • • •, 4; /, 7 ?j umbral) 

where dots denote differentiations with respect to the arc distance 
which w'e take as our coordinate x<”. Writing 

^5(2) = 0 = x«> = x ^*\ 


xi = 1 
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*», a®, 3 ie ooi^tant aloii^ the coordinate lines afl>} 
W6 find J 11 , r} =0 vrfiidi— ^om the values pven for this sjTnbd 
— yifLfe jfi = constant. Hie constant is in fact unity since, 
i^ypotheas, dt = along the curves = const., 
aj» «. ccHOSt., = const. It is apparent that it is sufficient 
^ be a hinction of alone for we may make a diange of 
<y«naibie *® » a!®(y®) leaving the other coordinates unaltered; 
^ argument shows conversdy that if $ri is a function of 
akne the coordinate lines are geodesics, the arc length aloi^ 
them being grem by # = y'V^ daP. 

(&) X® and x® are direction^ coordinates serving to locate a 
point <Hi the geodesic surface aP = const., = constant. We 
«h»n sui^pose that the arc differential on this surface (which 
may conveniently be called a geodesic sphere) cannot involve the 
“ longitude ” coordinate x® nor can the arc differential along a 
given “ meridian ” x® = constant depend on the “ latitude ” 
coordinate x®. Hence ^2 is a function of x® alone whilst gz is 
a function of Xi and X 2 alone. 

(c) j 4 does not involve the directional coordinates x® and x® 
and so is a function of x® alone. 

Accordingly, then, x® does not appear in the expression for 
(da)* and so, in addition to Gu = 0 , Gm = 0 , G 34 = 0 we have 
Giz — 0, Gts = 0. We must wiite down the five equations 
Gu = 0, Gii = 0, Gs2 — 0, Gzs — 0, G44 = 0. The fact that ffi 
is a function of x^*> alone and J?i = 1 being the arc distance 
along the geodesic curves x<*^) gives {14, 42} = 0 and from 
Gu = {13, 32} = 0 we get 

d*Hz _ 1 dffz dHz _ p 
dx«>ax® Hsdx^^dx® 


which gives, on integration with respect to x^’^. 


J_^3 

Hsdx® 


a function independent of Xi 


(A) 
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<?u = 0 yidds 


1 a^gj ■ 1 yg, 1 

gjax™* g,axo>*"^ g4dx®* 


Gu= 0 gives 

^a»g4 . gdg« f 1 dEt 
^axw* "ax«lg,ax® 


g,ax® j 


= 0 


which on integration with respect to x® pves 


(B) 


alT 

gjg* independent of x® (C) 

Eliminating between (C) and ( 4 ) we get g** indepeod- 

ent of Since it cannot involve any varial^ but we 
have 

E^Ea = a constant a, let us say; (C^ 

primes denoting difiFerentiations with respect to 

Again from {A) = F2 X a function of = Et say 

where ^ is a function of alone. Then Ez = E^^ + / where 

1 d"E 

/ is a function of alone. Now (B) shows that * is a 

function of alone so that its derivative with respect to 
vanishes. Evaluating this derivative we find 


d<t> 

ax<2) 


{fE,''-rE2] 


= 0 


We can now proceed in various ways; either make <^^ a constant 
or /if 2' — /'if 2 (of which the second factor is the derivative) a 

da-(i) 

constant giving / = const. X E2J' 77-^ . 0 e choose the latter 

alternative and make the constant zero so that / = 0 giving 
Ha = H2<I> where <^> is a function of x® alone. 
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P is determined by means of the equalion Gtt — 0 . This ^ves 

Stdsf^ Hzdx^^ Hi 

1 

On sdslituting ff» = in (Z)) we find that — — ^ is eqiial 

<!> dx'-^ 

to a function of alone; but from its form and the definition 
of ^ it cannot involve it® and so must be a constant. Ilus 
ooaurtant noay, by a proper (dioice of unit for be put either 
1 or sero. We dmose the first alternative and find, by suitably 
<^Q06in£ the origin <rf measurement for z®, <^ = sin a:®, 
f?*! = 0 gives 

ra, + iWj.„ 

aioj* ir,’*r®’ 

aod on substituting ^ = sin H% = Hz<t>, both (D) and {E) 
yield the same equation 

HtHt” + M,' j ^ ^ 


(B) gives 


2 £s_ , ^ = 0 

H, 


On differentiating (C') and eliminating HiHi' we find 
Hi"Hi = Hi'Hi! 
which gives on integration 

H,' = 

where ^ Is an arbitrary constant. 

Eliminating Hi between (C") and {C") we have H%' = ^ 
which on integration gives 

where 7 is an arbitrary constant. 
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Putting Hi = (,Hi)i^ in W) we have 

= 1 

so that 1 = 27 giving 7 = | and hence finally Ht is determiBDd 
by the differential equation 

{H^y = 1 - ^ 

Hi 

and then 

(&)* = + By{ + sin® zf^{da^y] 


It is usual to change the coordinate 3 fi\ leavii^ the 
unaltered. We write where = Ht. 


= {H,y{dx^^y = ^1 _ (dj(0)* 

and we have 

(ds)^ {d/^y + y»>2{ ((fa.(2))2 + sin» a:®(da<«)»} 


This is the form chosen by Einstein (that it is only one of many 
is evident from its derivation). If ajS = 0 it reduces to the 
well-known Euclidean form where = r, are 

space polar coordinates. It remains to attach some physical 
significance to the constant and to take up the problem (6) 
stated at the beginning of this chapter. In order to conform 
to the usual notation we write henceforth = zr; = d\ 
a:^3) = a;(4) = I ^vhere i® = — 1. 

Choosing the unit of or t so that jd® = + 1 and vTiting la 
= — a we have 



(dr)® + r{d6y + r® sin® ^(dv?)® 


+ 



{dty 


{dsy = - 
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3. DBrnOOHATION OF IHE PaTH OF A FeEELT MoVING 
PABTICtE 

A piiYsacal late qf inertia is postulated to the effect that a 
moemg material particle in a gravitational field wiU follow 
ilm noB-mhfinial geodeeic lines of tbe fcnar-dimensional space time 
eontimam whidr, for the »ngle gravitating center, has the 
metrical geometry diaracterized by the form given above by 
(*)*. 

A seoond postulate is that raps qf light follow the minimal 
those for which d» = 0. In the ordinary Euclidean 
spex» these lines are imaginary, Le., have points with ima^nary 
coocdmates but the occurrence of the negative signs in the ex> 
I»ession fcnr (dr)* gives real minimal lines in our problem. For 
exami^, the light rays directed towards or away from the cen- 
ter, those for which B and 4> are constant, are characterized by 
the equation 

(l-^)-W-(l-y)w-0 or 

In order, then, to solve the problem of the free motion of a 
material particle we have merely to determine the non-minimal 
geodesics whose equations are 

+ {Im, = 0 (cf. Ch. 6. § 1) 

the dots denoting differentiations with respect to the arc length 
along the geodesic. For an orthogonal space of four dimensions 
these simplify to four equations of the type 

f«>+ {11, l)i(»*-l- {22, ll(x®)*+ {33, l}(xW)* 

+ {44, ll(x<^))*+ 2{12, l}x««x® + 2{13, l}x®x® 

+ 2{14, l)x®x® = 0 

However we need use only three of these equations, replacing the 
fourth by = 1 which is easily seen to be a consequence 

of the differential equations 

X® + {Im, rlx^x^”*^ = 0 
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-we multiply these by gn and use r as aa umisal to 

ain 

= 0 

1 then avail ourselves of the defimtioQ ol tibe ^ydbois 
, s]- (Ch. 6, § !•) ^ (^ra^r^) IS fouud to be aeco^« IDa ov 


iblem it is convenient to omit the first of the four 
: other three simplifying, on iising the values lor tito itoee- 
ex symbols given (Ch. 7, § 2), to 


_1_ 

2gt' 




1 dgi 
gi dr 


+ taT "I” r ^ ~ ^ 

ga or ga 09 

these we have to add the first integral 

gii^ + ga^ + gaV^ + y4<* = 1 


U) 

(B) 

(O 


whereffi = ~ 5 

?»= - T*; 

ga= — t* sirf 9; 

?i = + (l-f)- 


( 0 ) 


nations (B) and (C) are immediately integrable giving 


i 


gz<}> = constant = — A say 

(50 

gd = constant = + C say 

(CO 


on substituting the values of gz and 


sin^ 9^ = h; 
nation (A) may be written 



^ (r^d) — sin ^ cos 6{4))^ = 0 


5 now proceed to eliminate the parameter s and find a relation 
meeting 6 and 0. Assuming that ^ 0 (<^> = constant is a 
jcial case which is susceptible to the analysis given below on a 
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foete intecdyu^ of 9 aod we have 


80 that 


S('^)={ 




^ dr d$ , , 




On substituting the value of ^ from (B) we have 

^ (j*#) = {2rK^ + - r^' {; + 2 cot 69'^^ 

where we denote diflfaentiations with respect to the new inde- 
paadent variable <f> by primes. Equating this to sin d cos d(4)^ 
and dividing out by we obtain 

— 2 cot 6{d'y = sin 6 cos 6 

If now we choose our directional coordinate 6 so that initially 

e = I , (?' = 0 

We see that = 0 and then on differentiating the above equa- 
tion w'ith respect to = 0 and so for all the other derivatives, 
i.e., 0 is a constant as ^ varies. Otherwise expressed the general 
integral of the equation for 0 as a function of <p is found by 
wTiting z = cot 0 yielding z" + 2 : = 0 to be cot 6 = L cos + if) 
where L and if are arbitrary constants. We choose our initial 

conditions as above so that i = 0 giving ^ = 2 ’ Pitting in this 

value for d we find 

7^<i>== h (B') 

(C'O 

and from (D) 

(1 - j2 = _ 1 (2)') 
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Just as in the usual Newtonian treatment ol plaoetaiy 

it is convenient to write r = l/u and to agm we ^ m tin 

independent variable. We have 

r = - &/«* = - = - W Olow jy) 

and then (Z>') yields, on making use oi (C"), 

(«-)< + #- w + ^ + ^ (g, 

Now, in the Newtonian treatment, the eqoatkai giving ptth 
of a particle under a central force is 

u"+u= F/IM 

where F is the acceleration towards the center and — 

di 

is the constant of areas. Instead of this we have on diffcmi- 
tiating the equation (E) just obtamed 

u'' + u = Zau^ + ^ 

hr 

so that ive may, in a general manner, express Einstein’s modifica- 
tion of the New’tonian law of gravitation by saying that there is 
superimposed to the inverse square law attraction an inverse 
fourth power attraction, the relative strength of the attracting 
masses being as 1 : 3A^. It remains to determine, at any rate 
approximately, the nature and magnitude of the constants a, h 
and C which arose in the integration of our differential equations. 
For large values of r, and therefore small values of u, the New- 
tonian law^ is a first approximation and so neglecting the term in 
in the equation for ?/", a = F/m- = m/w; /i being the gravita- 
tional constant and m the mass of the sun. Hence if we choose 
our unit of mass so that ju = 1, a = /n, where now m is what is known 
as the grantaiional mass of the attracting center (notice that we 
have identified, for small values of w, our r and 0 with the usual 
polar coordinates of Euclidean geometry). The velocity of light 

directly tow^ards the attracting center is 1 — y and accordingly 
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oor ooit ol tiaw b sodi that for small values of u the velodty 
ll^t is uohy; if the unit of length be 1 cm., the unit of 
time emf^yed b i/c seconds where c = 3.10“. In the thecay 
of relativity there is no absolute distinction between space and 
time and so we refer to our time unit as one centimeter (1 cm. 
being the distance traversed by light in one time unit). It is 
to be observed that in Newtonian mechanics gravitational maga 
M has (hmoraois DT~* so that if L and T have the same dimen- 
wm a = m has the dimensions of a length. The equation 


u" '{• u = — 

U -ru 


of the Newtonian theory jdelds 


fYL 

« - ^ = P COS (^ - <^o) 

where P and are arbitrary’' constants of integration. 
Comparing this with the polar equation of a conic 
/u == 1 + « cos 0 (i = semi-Iatus rectum, e = eccentricity) 

we have — = / = -4(1 — e^) where A is the semi-major axis. 

If r is the period of revolution 


whence 


m = = u?A^ 


where « is the angular velocity of the planet. This gives for the 
sun VI = 1.47 kilometers or 1.47.10® cms. For the planets then 
ni, r is a small quantity of the order 10^®. In order to determine 
the constant C we differentiate 
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lis 


and comparing this with the equation (JB) ire have 




ijA 


It is to be observed that the values of m, C and il h 

this way are found from the Newtonian theory and ao aie to be 
r^arded as first approximations. In particular we have 

tified the h of (B') with r* ^ so that we have wrhteB ^ 

ii it 

Accurately 

dtp_d(p dt_d<p „ { 2 «\-* .. ^ 

But 

so that neglecting quantities of the order KT® 

dip ^ dtp 

ds dt 

Substituting the expressions just obtained in {E) we have to 
integrate the first order differential equation 

(^) ~ + 27nulh^ — m®(l — 

This equation defines u as an elliptic function of (p\ or inversely 
ip as an elliptic integral. It simplifies the algebra somewhat to 
wTite mu = v and to put mrjh^ = a. \Ye have already seen 
m 


that mrjhr = 


so that if e is not very nearly equal to 


^(1 - 

unity a is a small quantity of the same order of magnitude as m A 
or 10“®. Our equation is now 

~ 2v^ — tr 2av — or(l — r) 

Now’ the discriminant of the literal cubic 

aov^ + aiv^ + 02® + fls = 0 



116 


YECTDE ANALyHES AND RMATIVnY 


(hW + ISooaiatOi — 4a®oj> — 4ai*as — 27aoW 

For tbe cal^ cm tho rig^itiand side of tibe equation giving (dtjdpY 
tliis is 

4aV + 8a*(l - Qa*) ~ 108c:c*(l - i?f. 

Oa account dF the small magnitude of a this is positive, the first 
tarsn being the dominant <me. Hence the cubic has three real 
loots which we denote, in descending order of magnitude, by 
ti, «i, 1 %. When oc — 0 the roots are 0, 0, and so we try first 
ha and find i = (1 — a) or (1 + a) and then secondly 
t^i + ka and find fc = — 2. Hence, to a first approximation, 
the three roots of tbe cubic giving {dv/d<py are tz = ^(1 — e); 

^ a(l + e); i»i = i — 2a. Further since (dvfd<py cannot be 
n^ative in the problem v must lie between Vz and or between 
9 i and + oo. As f does not tend to zero v does not tend to oo 
and hence t) lies between vz and t? 2 - We have 


I"’ 

Jn ^ 2 {v — Vi)(v ~ V2){v — Vz) ‘ 

The variable v oscillates between the values vz and V2; at these 
values dvidip = 0, so that v has an extreme value; as v passes 
through the value V 2 retracing its values both dv and the radical 
change signs so that <p steadily increases. The change in <p 
between two successive extreme values of v, i.e., between peri- 
helion and aphelion of the planet, is 





V2(r — — D 2 )(® — Vz) 


It is convenient to make a simple linear transformation of the 
variable of integration. Write v = a + bz and determine the 
coefficients a and b of the transformation so that to the roots vz 
and Vt of the cubic will correspond values 0 and 1 of z respectively. 
The values are a = rs; b — V 2 Vz and then the third root Vi 
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goes over into z = ^where fc® = 


_ ^ ~ 
»i — 


Hie eubie S(« — «|} 


(» — Vi) (v — Vs) transforms into 2i^(l — g)^L — 
so that 

A..-_Lr‘ 'fa 

V»(l - ,)(1 - Hi) 

This simplifies considerably on writing z = arf # ^dhen in het 

de 


V26 Jo Vl - 


Now 




— ^ _ 


2o» 


I — 3a + eof 


(to a first approximation) is a small quantity of the same wder 
of magnitude as a; hence we can expand (1 — i* sin* 9)“^ in a 
rapidly convergent series and a mere integration of the initial 
terms will give a very good approximation to A<p. The multiplier 
of the integral is 


2 = yj2lvi - tJs = 2[1 - 2a(3 - = 2[1 + a(3 ~ e)] 

and using J’J sin^ 6 dS = '7r/4 we find 

A^ = 2{l + a(3-e)}-|| + ^Tj 

but = 4a6 to a first approximation so 

A(p = 7r{l + a(3 — e)} {1 + ae] == 7rjl + 3a! 

Hence in a complete revolution the perihelion advances by an 
amount equal to 

o _ o _ 3m __ 127r*.42 

A{l-e^) P(l-0 


of a complete revolution, T being the period in our units. If we 



118 


VSCTOE ANALYSIS AND RKLATIVITY 


mek to uae tlie period in seocmds and measure A in kilcuneters 
tlim tlie unit <d in the formula given is the time it takes 
fight to travel 1 kilometer ®=* 1/3.10* seconds; hence if T is the 
pericNl in aecoxick the fractmnal advance of the perihelion per 

revolution is On substituting the values of 

9.10**r*(l — s*) 

Af Ti and s for Mercury’s path this works out to be an advance 
of 43'^ per century. F<^ the other planets e is much smaller than 
for Merrary and the amount of advance of perihelion is much 
smaller; save in the case dt Mars the predicted advance is too 
amjdl to be detected by observation. 

4. The Path of a Light Ray in tecb Geavitational Field 
OF A Single Attracting Center 

These paths satisfy the equation (ds)^ = 0 or = 0; they 
are geodesics dnce, ds being the non-negative root of the expres- 
sion f<Mr (d^)*, no curve can have a negative length. The method 
of the preceding paragraph does not, however, immediately 
apply since the arc length $ along a light ray, being a constant, 
cannot be used as an independent variable or parameter in terms 
of which the coordinates x may be expressed. Further in the 
discussion of Ch. 6, § 1, it was assumed that the integral 

could be expanded in a Taylor series in powers of a so that the 
existence of the derivative (dI/da)a=:o was presupposed. It is 
apparent, however, on differentiation of 

ds = ^ (/, m umbral) 

that if cfe = 0 when a = 0, — (d^) becomes meaningless when 

a == 0 on account of the zero factor (d^)a*o which occurs in the 
denominator. These diflSculties are overcome in the following 
manner. If we investigate those curves (non-minimal) for which 
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the first variation of the integral I s fiitf* is wan «e am bd 
to exactly the same differential equations as thoae of Cb. } 1, 
which express the fact that the first variation oil v fit ig aen. 
Accordingly we now derive the eqnatims of the mii»m»«l pawlwiif 
from the fact that the first variatimi of I = h 

being zero along the curves. The coordinates s aie soiifMMtd 
expressed in terms of any convenient parameter « aad ^feicBtia- 
tions with respect to this parameter are pthna. 

The Euler-Lagrangian equations are (<f . Ck 6, § 1) 


(h J 

(r-l, - -.4) 

where 


{day = 

(f, «i umbral) 

Hence 



( 1 , m umbral) 


or 

+ [Im, = 0 (l,m umbral) 

Multiplying by and using r as an umbral symbol we obtain 

^ = 0 (p = 1, 2, 3, 4) 

w^hich are exactly the equations of Ch. 6, § 1. The first integral 
of these equations which has already been mentioned may be 
very briefly obtained as follows. Since F = is 

* Attention should, however, be called to the fact that this integral is not, 
properly speaking, a line integral at all; its value depends not only on the 
curve over which it is extended but on the particular parametnc mode of 
representation chosen for this curve. In order that the value of the integral 
should not be dependent on the parametric representation the integrand should 
be positively homogeneous of degree unity in the derivatives x\ 
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IwniogeBeoas of degree 2 In the x' we have, by Euler’s theorem 
oo hotaogeiwoim londicH^ 


*<r>' 


, dF 


aa^>' 


2F 


a leeuH immedistdly yerifiable directly (r umbral). On multiply- 
ing the eqnatima 


' dv\d^^ J 

bjr esod usisg r as an umlval symbol we obtain 


dF 


<fo \ dz^’’^ / 


dF 


OxW' 


xW" « 0 


or 


dv dv 


showing that F is constant along the geodesics. The constant 
is now zero instead of unity as it was in the case of the non- 
minimal geodesics. 

Before proceeding to calculate the deflection of the light rays 
it will be well to prove an often quoted property of them. In a 
statical gravitational field the time coordinate does not enter 
into F = {dsy. Hence 


d 

dv 



0 


or 


dF 


= const. 


If, now, in the discussion of Ch. 6, § 1, instead of keeping both 
ends of the varied curve ” C(a) fixed, we had allowed the ends 
to vary also, the part of SI which came outside the sign of integra- 
tion when we integrated by parts would not vanish automatically. 
Since the first variation is to vanish w’hen the end points are 
fixed as well as w’hen they vary the part under the sign of integra- 
tion vanishes as before yielding the Eulerian equations but in 
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(ide^£on we have the end eoni^Hon 

If now all the coordinates but are kept 
ix® = 0 = te® = &!» 


dF 

aad we find since — — ,is constant oTtr tbe extr emiJ tmm 


dF 

dx^^> 


and as 


-5ar^^^|J==0 or 


dF 


dF 




we have 


> + 0 
dajW' 

5/i2dx<^> = 0 


which is known as the Fermat or Huyghens' Principle of ieiwf 
Time. It is an immediate consequence of the absence of 
from {dsY; there is a similar theorem for the symmetrical 
attracting center: 

= 0 


but this has no special utility. The Fermat Principle states that, 
given two fixed points in space (by fixed is meant that the three 
space coordinates for an observer attached to the gravitating 
center are constant), a light signal passes from one to the other 
in such a way that the first variation of the time interval is a 
minimum. 

With the same notation as that employed in § 3 we find 
gz(p' = - A; 9it' = C 

where h and C are constants and we find exactly as before that a 
proper choice of our initial conditions for 6 enables us to 
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imtB 9 m vf2. Tha only diffaneiMe is that (D') is replaced by 
(1 - 2nlrrm* + - (1 - 2m/r)(i')* = 0 

whence on writing r »= l/« and using = h we find 

la order to get aa idea of the ord^ of magnitude of tlie constants 
C, k d integration we make a first trial-approximation. The 
ias^est value that u can have is 1 /R where R, the radius of the 
sun, « 897,000, the units being kilometers. Hence we neglect, 
the moment, the if* term in comparison with the others and 
find at once 

C 

u = ^sin ((p — ^o) 

where ^ is a constant of integration. Hence Cjh is the largest 
value of u and is therefore a small quantity of the order 1/10®. 
Denoting this small quantity by a (a is the positive square root 
of C*/A*) we have 

= 2mw® — + or. 

The discriminant (cf. Ch. 7, § 3) of the cubic on the right is 
4a*(l — 21m^o?), a positive quantity, so that the three roots are 
real. When a = 0 they reduce to l/2m, 0, 0, so that trjdng in 
turn ka and (l/2m) + ka we find the first approximation to the 
three roots ut — a, = a, Ui ^ l/2m where we have ar- 
ranged the roots so that U3 < < ui. For a second approxi- 

mation, we try in turn — a + ko^, a + ko^, (l/2m) + kc^ for 
U3, Ui respectively and find 

Us = — a + mo?; 2^2 = a + mo?; Ui = (l/2?n) — 2mo?, 

We now, as before, determine a linear transformation which 
sends u= uz into z = 0; u = into 2=1. It is w = a + 62 



PROBLEMS IN REL^TiyilT 


US 


lere a uzy b — — uz an^ then the third mot « *«<i 

es into z == 1/F where 

ttj — ti. 




«i— «i 


ow the cubic 27nu^ — o?camK)tben^timia<Hir|TOh^^ 
}T can u itself. At remote distances &om the son ii 0 to 
At initially" w = 0 and it increases to u = % at which pohit w 

LS a maximum value, since ^ ^ ^ ® there. Then ni he^m to 

^crease and the radical ^2mt^ — u* + o? in the expressaon for 


d(p = 


du 




so changes sign so that d(p keeps its sign. The angle ^ between 
point at a remote distance and the perihelion of the light ray 

giv» by the mteg,al£ 

vice this over tt is the deflection D experienced by the ray. 
ence 


The excess of 


d+t= 2 r 

Jo 


du 


— u^+ 0? 

hich on writing w = a + 62 becomes 

= -i= r 

■V2wti -^2(1 — 

n making the final substitution z = sin- 6 this becomes 

D+n= — r"' 

'^2mb eisin-i -tj "» Vl — A“ sin- 6 
= 4ma: + higher powers in a 








Im 
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80 tiiat, » b«iog 1.47, ife* is a small quantity ci the same order 
as a. H«« 5 e (1 — i* sin* can be expanded in a rapidly 
oonvei^gent aesAes and an integration of the initial terms of this 
series ^ves a high aiproidmation to D + s-. On substituting 
the values of k and b the multiplier ctf the integral becomes 


y2m(ut — «i) 

whilst the lower linut of the integral is 
• _i /l — nux. . _i 1 

^ # s— ein * — 1 


= 4(1 + = 4(1 — ma) 


(1 — §ma) 


Here it is necessary to use the second approximation since uz is 
to be divided by Uj — m* itself a small quantity of the first order. 
On expanding 

by Taylor's theorem we have for the lower limit (t/4) — \ma 
so that 


/) + w = 4(1 — ma) 




sin 6 cos 0 ) ■+■ 


In the term multiplied by 

¥ . 

-- = ma + ’ • • 

4 

it is suflScient to take the rough approximation 7r/4 to the lower 
limit and we have 


D + TT = 4(1 — ma) ^ ~9 — ^ y ^ 

= (1 — ma)[Tr + ma(4 + x)] 




giving 


D = ^ma 


a, in this expression, is the maximum value Uz ol n (to a first 



PROBLEMS m RSLATIVrry 


m 


ap|H«ziination), i.e., is the ied]HocaI the n&m cl tin ' 
An idea as to the closeness of tins appixKainatioB is 
by using the second approximation 


R 


S «, = CK+ 


Hie positive root a of this quadratic is 

SO that writing a = 1/R is equivalent to n^lectsng mfB in 
comparison with unity or to a neglect of 1 part in Oa 

substituting m = 1.47, R = 697,000 in the expresskm D — 4iii/B 
and converting this radian measure into seconds c£ arc we find 
the value 1.73" predicted by Einstein for a light ray whiA just 
grazes the sun.* 

♦For a fuller discussion of the problems dealt with in this chapter referenoe 
is made to two papers by the author in the Phil. Mag. erf dates Jan. (1922) 
and March (1922) respectively. For an alternative treatment of the subject 
matter of §2 the reader should consult the paper ConcomUajUs af QuadroHc 
DijlfererUial Farms by A. R. Forsyth in the Proc. Roy. Soc. Edin. May (1922) . 
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